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Mhdq0\yhv Gxforv|dqg Sdxo Pdnglvvl}
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Devwudfw
Wklv sdshu h{whqgv wkh suhylrxv olwhudwxuh rq wkh qrupdwlyh olqnv
ehwzhhq wkh phdvxuhphqw ri sryhuw|/ vrfldo zhoiduh dqg lqhtxdolw|1
Zh vkrz krz/ zkhq wkh udqjh ri srvvleoh sryhuw| olqhv lv xqerxqghg
deryh/ d urexvw udqnlqj ri devroxwh sryhuw| pd| eh lqwhusuhwhg dv
d urexvw udqnlqj ri vrfldo zhoiduh/ dqg d urexvw udqnlqj ri uhodwlyh
sryhuw| pd| eh lqwhusuhwhg dv d urexvw udqnlqj ri lqhtxdolw| iru dq|
rughu ri vwrfkdvwlf grplqdqfh1 Wklv lqwhusuhwdwlrq lv dovr ydolg zkhq
wkh pd{lpxp sryhuw| olqh lv erxqghg dqg iru fhuwdlq rughuv ri vwrfkdv0
wlf grplqdqfh/ vr orqj dv vrfldo zhoiduh dqg lqhtxdolw| mxgjhphqwv duh
￿fhqvruhg￿1 Zh dovr ghyhors qhz fulwhuld ri uhvwulfwhg lqhtxdolw| grpl0
qdqfh/ dqg ￿qg wkdw wkh| zduq djdlqvw wkh xvh ri vrph srsxodu lqglfhv
ri uhodwlyh sryhuw| dqg fhqvruhg lqhtxdolw|1 Ilqdoo|/ zh looxvwudwh jh0
rphwulfdoo| krz wkh qhz fulwhuld ri uhvwulfwhg lqhtxdolw| grplqdqfh
h{whqgv wkh udqnlqj srzhu ri suhylrxvo| sursrvhg grplqdqfh fulwhuld1
Nh|zrugv= Zhoiduh/ Lqhtxdolw|/ Sryhuw|/ Vwrfkdvwlf Grplqdqfh
MHO qxpehu= L65/ G96
￿ Zh wkdqn Shwhu Odpehuw/ \yhv Ulfkhooh dqg F|ulo W￿m￿gr iru pdq| xvhixo frpphqwv1
Zh duh judwhixo iru wkh ￿qdqfldo vxssruw ri wkh IFDU/ FUVK dqg PLPDS surjudpph ri
wkh LGUF1
| G￿sduwhphqw g*￿frqrpltxh dqg FU￿ID/ Sdyloorq Gh Vºyh/ Xqlyhuvlw￿ Odydo/ Vdlqwh0
Ir|/ Tx￿ehf/ Fdqdgd/ J4N :S7> Hpdlo= m|yhvChfq1xodydo1fd
} G￿sduwhphqw g*￿frqrpltxh dqg FHUHI/ Xqlyhuvlw￿ gh Vkhueurrnh dqg
IHZHF2RDH/ Yulmh Xqlyhuvlwhlw/ Dpvwhugdp1 Fruuhvsrqglqj dgguhvv= G￿sduwhphqw
g*￿frqrpltxh0IOVK/ Xqlyhuvlw￿ gh Vkhueurrnh 5883/ erxohydug gh o*Xqlyhuvlw￿/ Vkhu0
eurrnh/ Tx￿ehf/ Fdqdgd M4N 5U4> Hpdlo= sdxo1pdnglvvlCfrxuulhu1xvkhue1fd
44 Lqwurgxfwlrq
Wkh frpsdulvrq ri glvwulexwlrqv ri zhoo0ehlqj/ dqg lq sduwlfxodu wkh ghyhors0
phqw ri phwkrgrorjlhv wr hvwdeolvk wkh qrupdwlyh urexvwqhvv ri vxfk frpsdu0
lvrqv/ kdv ehhq wkh irfxv ri d odujh olwhudwxuh lq wkh odvw wkuhh ghfdghv1 Slr0
qhhulqj zrun dgguhvvhg wkh phdvxuhphqw ri lqhtxdolw| +Nrop +4<9<,/ Dwnlq0
vrq +4<:3,/ dqg Gdvjxswd hw1 do1 +4<:6,,/ xvlqj wkh qrz zlgho| xvhg Oruhq}
fxuyhv1 Wklv zdv h{whqghg wr wkh phdvxuhphqw ri vrfldo zhoiduh e| Vkruurfnv
+4<;6, dqg wr sryhuw| e| Dwnlqvrq +4<;:,/ Irvwhu dqg Vkruurfnv +4<;;d/ e,/
dqg Mhqnlqv dqg Odpehuw +4<<:/ 4<<;d/ e,1 Irvwhu dqg Vkruurfnv +4<;;d/
e/ dqg f, ixuwkhu lqwhjudwhg wklv olwhudwxuh e| hvwdeolvklqj wkdw sryhuw| ru0
ghulqjv iru wkh IJW +Irvwhu/ Juhhu dqg Wkruehfnh +4<;7,, lqglfhv zklfk duh
urexvw wr zlgh yduldwlrqv lq wkh sryhuw| olqh duh lq idfw htxlydohqw wr vwrfkdv0
wlf grplqdqfh rughulqjv ri vrfldo zhoiduh ru lqhtxdolw| ri rughuv rqh wr wkuhh1
Wkh| dovr vkrzhg wkdw/ xqghu vrph flufxpvwdqfhv/ frpsdulvrqv ri devroxwh
sryhuw| wkdw duh urexvw xs wr d ￿qlwh xsshu erxqg iru udqjhv ri sryhuw| olqhv
duh htxlydohqw wr zhoiduh frpsdulvrqv iru glvwulexwlrqv wkdw duh fhqvruhg dw
wkh vdph xsshu erxqg iru rughuv ri grplqdqfh rqh wr wkuhh1
Wklv sdshu ￿uvw jhqhudol}hv wkhvh ￿uvw0/ vhfrqg0/ dqg wklug0rughu htxly0
dohqflhv wr d eurdghu fodvv ri sryhuw|/ lqhtxdolw| dqg vrfldo zhoiduh lqglfhv1
Wklv lv idluo| vwudljkwiruzdug jlyhq wkh olqn ehwzhhq lqglfhv ri wkh IJW fodvv
dqg wkh ixqfwlrqv xvhg wr whvw iru sryhuw| grplqdqfh ri ydulrxv rughuv1 Lw
wkhq hvwdeolvkhv wkh frqglwlrqv xqghu zklfk wkhvh htxlydohqflhv pd| krog
iru dq| kljkhu0rughu grplqdqfh1 D fulwlfdo hohphqw ri wkhvh frqglwlrqv lv
wkh fkrlfh ri d pd{lpxp erxqg iru zhoiduh grplqdqfh whvwv dv zhoo dv iru
wkh udqjh ri dgplvvleoh sryhuw| olqhv lq sryhuw| grplqdqfh whvwv1 D srsxodu
fkrlfh iru wkh xsshu erxqg ri vrfldo zhoiduh frpsdulvrqv lv wkh pd{lpdo ohyho
ri zhoo0ehlqj irxqg lq d vdpsoh1 Zh vkrz/ krzhyhu/ wkdw h{whqglqj wkdw xs0
shu erxqg wr lq￿qlw| lqfuhdvhv wkh udqnlqj srzhu ri vrfldo zhoiduh grplqdqfh
fulwhuld1 Wklv dovr uhfrqflohv zhoiduh dqg sryhuw| grplqdqfh rughulqjv dw dq|
rughu ri vwrfkdvwlf grplqdqfh1
Zh dovr lqwurgxfh wkh frqfhsw ri fhqvruhg lqhtxdolw| frpsdulvrqv1 Lq
grlqj wklv/ zh ghyhors olqnv ehwzhhq wkhvh fhqvruhg lqhtxdolw| frpsdulvrqv
dqg uhodwlyh sryhuw| frpsdulvrqv +vxfk dv frpsdulvrqv ri wkh sursruwlrqv
ri lqglylgxdov ehorz d fhuwdlq sursruwlrq ri wkh phdq,1 Wklv lv sduwlfxoduo|
uhohydqw lq wkh oljkw ri wkh lqfuhdvlqj srsxodulw| ri uhodwlyh sryhuw| frp0
sdulvrqv dfurvv ghyhorshg frxqwulhv/ dqg wkh vxvslflrq riwhq h{suhvvhg wkdw
wkhvh duh uhdoo| frpsdulvrqv ri lqhtxdolw|1 Wklv dovr ohdgv wr wkh ghulydwlrq
5ri uhvwulfwhg lqhtxdolw| grplqdqfh fulwhuld1 Vxfk fulwhuld duh lq idfw riwhq
lpsolflwo| +wkrxjk lqfrpsohwho|, dssolhg lq wkh hpslulfdo olwhudwxuh rq wkh
glvwulexwlrq ri zhoo0ehlqj1 Rughulqj wrrov iuhtxhqwo| xvhg lqfoxgh udwlrv ri
txdqwlohv ryhu phdqv/ udwlrv ri txdqwlohv dqg lqwhutxdqwloh gl￿huhqfhv qru0
pdolvhg e| wkh phdq1 Zh vkrz/ krzhyhu/ wkdw wkh odwwhu wzr wrrov duh qrw
frqvlvwhqw zlwk lqhtxdolw| grplqdqfh rughulqjv ri dq| rughu/ dqg fdq wkxv
frq lfw zlwk frpprqo| dffhswhg hwklfdo fulwhuld iru frpsdulqj lqhtxdolw| lq
glvwulexwlrqv ri zhoo0ehlqj1 Zh frpsohwh wkh dqdo|vlv e| looxvwudwlqj jhr0
phwulfdoo| krz wkh ruglqdo udqnlqj srzhu ri lqhtxdolw| grplqdqfh fulwhuld lv
lqfuhdvhg e| d irfxv rq uhodwlyh sryhuw| dqg uhvwulfwhg lqhtxdolw| grplqdqfh1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 gh￿qhv fodvvhv ri
sryhuw|/ lqhtxdolw|/ dqg vrfldo zhoiduh lqglfhv1 Vhfwlrq 6 xvhv wkhvh fodvvhv wr
ghyhors ydulrxv fulwhuld iru vwrfkdvwlf grplqdqfh1 Vhfwlrq 7 hvwdeolvkhv olqnv
ehwzhhq sryhuw| frpsdulvrqv/ rq wkh rqh kdqg/ dqg frpsdulvrqv ri vrfldo
zhoiduh dqg lqhtxdolw|/ rq wkh rwkhu1 Vhfwlrq 8 ghyhorsv fulwhuld iru fhqvruhg
zhoiduh dqg lqhtxdolw| frpsdulvrqv1 Vhfwlrq 9 glvfxvvhv wkh olqnv ehwzhhq
lqhtxdolw| dqg uhodwlyh sryhuw| grplqdqfh dqg vrph ri wkh lqglfhv riwhq
xvhg lq wkh hpslulfdo olwhudwxuh rq wkh glvwulexwlrq ri zhoo0ehlqj1 Vhfwlrq :
suhvhqwv d jhrphwulf dqdo|vlv ri wkh lqfuhdvh lq wkh ruglqdo udqnlqj srzhu
surylghg e| uhvwulfwhg lqhtxdolw| grplqdqfh fulwhuld/ frpsduhg wr vrph ri
wkh h{lvwlqj fulwhuld dqg dowhuqdwlyh dssurdfkhv1 Vhfwlrq ; frqfoxghv1
5 Fodvvhv ri Sryhuw|/ Zhoiduh/ dqg Lqhtxdolw|
lqglfhv
Zh zlvk wr frpsduh wzr glvwulexwlrqv ri zhoo0ehlqj + +lqfrph/ iru vkruw,/
hdfk ri zklfk lv uhsuhvhqwhg e| d glvwulexwlrq ixqfwlrq gudzq iurp wkh vhw
@=
@ G’ i8 G dfc@o $ dfc￿om8 lv qrqghfuhdvlqj/ frqwlqxrxv dqg rqwrjc
zkhuh 8 lv dq lqfrph glvwulexwlrq ixqfwlrq dqg @ lv vrph ydoxh htxdo wr
+ru h{fhhglqj, wkh pd{lpxp srvvleoh lqfrph1 Zh frqvlghu irxu w|shv ri
frpsdulvrqv iru wkhvh glvwulexwlrqv= frpsdulvrqv ri devroxwh sryhuw|/ uhodwlyh
sryhuw|/ vrfldo zhoiduh/ dqg lqhtxdolw|1 Wr frpsduh devroxwh sryhuw|/ wkh
dqdo|vw pxvw ￿uvw fkrrvh d sryhuw| olqh/ 5c vxfk wkdw lqglylgxdov hduqlqj
ohvv wkdq wklv dprxqw duh lghqwl￿hg dv srru1 Vxevhtxhqwo|/ d sryhuw| lqgh{/
6￿￿c pxvw eh vhohfwhg wr djjuhjdwh wkh gl￿huhqw lqglylgxdov* frqwulexwlrqv wr
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Wkh ixqfwlrq R￿ E+c5￿ uhsuhvhqwv wkh frqwulexwlrq wr wrwdo sryhuw| pdgh
e| dq lqglylgxdo zlwk lqfrph +￿D srsxodu h{dpsoh ri dgglwlyh sryhuw| lqglfhv
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Rwkhu h{dpsohv ri dgglwlyh lqglfhv duh wkh Fndnudyduw| +4<;6, sryhuw| lqglfhv





dqg zklfk fdq lq wxuq eh vhhq dv d wudqvirupdwlrq ri d sduwlfxodu fdvh ri wkh
fodvv ri Fodun/ Khpplqj dqg Xosk*v +4<;4, vhfrqg fodvv ri sryhuw| lqglfhv1
Zh uhjurxs wkhvh dgglwlyh lqglfhv lqwr fodvvhv ￿r
￿cr’￿ c2c￿￿￿cri devroxwh
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zkhuh ￿ ￿r uhsuhvhqwv wkh vhw ri ixqfwlrqv wkdw duh r wlphv slhfhzlvh gl￿huhq0
wldeoh rq dfc4￿ 4￿ Zh zloo uhwxuq odwhu rq sdjh 9 wr wkh lqwhusuhwdwlrq ri wkh
frqglwlrqv rq wkh ghulydwlyhv lq +8,1
4Qrwlfh wkdw li wkh +v￿ 4,0wk ghulydwlyh ri d ixqfwlrq lv slhfhzlvh gl￿huhqwldeoh/ wkh
+v ￿4,
wk ghulydwlyh lv qhfhvvdulo| frqwlqxrxv dqg wkh ixqfwlrq lwvhoi dqg lwv ￿uvw +v ￿ 5,
ghulydwlyhv duh frqwlqxrxv dqg gl￿huhqwldeoh hyhu|zkhuh1 Dgplwwlqj ixqfwlrqv ri zklfk
wkh +v ￿4,0wk ghulydwlyh lv slhfhzlvh gl￿huhqwldeoh doorzv xv wr lqfoxgh lqwr ￿v
D wkh IJW
fodvv ri phdvxuhv +iru ￿ @ v,/ zklfk lv wkh prvw zlgho| xvhg fodvv ri sryhuw| lqglfhv lq wkh
olwhudwxuh1 Qrwh dovr wkdw wkh frqwlqxlw| frqglwlrq zh lpsrvh lv pruh uhvwulfwlyh wkdq wkdw
lq ]khqj +4<<<,/ zklfk rqo| srvwxodwhv frqwlqxlw| rq wkh lqwhuydo ^3>},= Wklv gl￿huhqfh
ehwzhhq klv dqg rxu dvvxpswlrqv kdv lpsolfdwlrqv iru wkh dqdo|vlv ghyhorshg lq wklv sdshu1
Vshfl￿fdoo|/ zh duh deoh wr frqvlghu grplqdqfh fulwhuld iru rughuv juhdwhu wkdq wzr/ hyhq
zkhq wkhuh lv vljql￿fdqw xqfhuwdlqw| rq wkh ydoxh ri wkh orzhu erxqgv iru wkh udqjhv ri
srvvleoh sryhuw| olqhv1 Zh vkdoo uhwxuq wr wklv odwhu lq wkh sdshu1
7Wr frpsduh uhodwlyh sryhuw|/ wkh dqdo|vw pxvw ￿uvw vhohfw d ixqfwlrq/
1 E8￿c wkdw vhwv wkh sryhuw| olqh dv d ixqfwlrq ri wkh lqfrph glvwulexwlrq
8￿ Lq wklv sdshu zh ￿{ wklv wkuhvkrog dv d sursruwlrq ri wkh phdq ri wkh
glvwulexwlrq51 Wkxv/ zh kdyh=
1 E8￿’b>8c +9,
zkhuh >8 lv wkh phdq ri wkh glvwulexwlrq 8 dqg b 5 dfc4￿￿ Zh pljkw dw ￿uvw
suhvxph wkdw wkh dqdo|vw lv rqo| lqwhuhvwhg lq b 5 dfc@*> 8oc exw frqvlghulqj
wkh udqjh ri doo srvlwlyh uhdov zloo suryh xvhixo iru wkh vxevhtxhqw dqdo|vlv1
Lq rughu wr djjuhjdwh wkh ydulrxv lqfrphv* frqwulexwlrq wr uhodwlyh sryhuw|/
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R- E+cb>8￿ lv krprjhqhrxv ri ghjuhh }hur lq + dqg >8￿ +<,
Wkh ixqfwlrq R- E+cb>8￿ phdvxuhv wkh frqwulexwlrq dq lqglylgxdo zlwk lq0
frph + pdnhv wr wrwdo sryhuw| zkhq wkh lqfrph glvwulexwlrq ixqfwlrq lv 8￿
Zh xvh wkh fodvvhv ri uhodwlyh sryhuw| lqglfhv ￿r
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Wxuqlqj qrz wr vrfldo zhoiduh/ zh frqvlghu xwlolwduldq vrfldo zhoiduh ixqf0
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5Wklv lv riwhq grqh lq wkh hpslulfdo olwhudwxuh1 Iru h{dpsoh/ wkh HXURPRG vlpxodwlrq
sdfndjh xvhv wklv gh￿qlwlrq iru wkh sryhuw| olqh iru sryhuw| frpsdulvrqv dfurvv frxqwulhv
ri wkh Hxurshdq Xqlrq +fi1 Lpphuyroo hw do1 +4<<<,,1
8Dv Eodfnrue| dqg Grqdogvrq +4<:;, ghprqvwudwh/ hdfk ri wkhvh vrfldo zhoiduh
ixqfwlrqv fdq eh dvvrfldwhg zlwk d wudglwlrqdo Dwnlqvrq0Nrop0Vhq lqgh{ ri












Wkhvh lqglfhv duh uhodwlyh lqhtxdolw| lqglfhv6 li dqg rqo| li wkh ixqfwlrq ￿E+￿
lv lvrhodvwlf1 Jlyhq wkh vxevhw ri lr iru zklfk ￿E+￿ lv lvrhodvwlf/ lw lv srvvleoh
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Dw wklv srlqw lw lv xvhixo wr vxsso| d qrupdwlyh lqwhusuhwdwlrq ri wkh
gl￿huhqw fodvvhv ri lqglfhv1 Iru wkh lqglfhv ri devroxwh sryhuw| dqg zhoiduh/
zkhq r ’￿wkh lqglfhv pxvw eh vxfk wkdw sryhuw| zhdno| ghfuhdvhv zkloh
zhoiduh zhdno| lqfuhdvhv zkhq dq lqglylgxdo*v lqfrph lqfuhdvhv1 Wkhvh lqglfhv
duh wkxv ri wkh Sduhwr w|sh lq dgglwlrq wr ehlqj v|pphwulf lq lqfrph +wkh|
reh| wkh dqrq|plw| d{lrp,1 Iru lqglfhv ri uhodwlyh sryhuw| dqg lqhtxdolw|/
wkh vdph surshuwlhv dsso| iru r ’￿li zh krog phdq lqfrph duwl￿fldoo|
h{rjhqhrxv wr wkdw fkdqjh1 Qrwh wkdw ￿uvw0rughu fodvvhv ri lqhtxdolw| lqglfhv
duh jhqhudoo| qrw frqvlghuhg lq wkh olwhudwxuh/ vlqfh xquhvwulfwhg grplqdqfh
udqnlqjv ri glvwulexwlrqv ryhu vxfk fodvvhv duh qrw srvvleoh +wkh grplqdqfh
fxuyhv qhfhvvdulo| furvv/ dv zh looxvwudwh ehorz rq sdjh 44 lq Vhfwlrq 6,1
Lw lv/ krzhyhu/ srvvleoh wr rewdlq uhvwulfwhg ￿uvw0rughu lqhtxdolw| grplqdqfh
udqnlqjv ri wzr glvwulexwlrqv/ dv zh glvfxvv ehorz lq Vhfwlrq 81
Zkhq r ’2wkhvh lqglfhv pxvw uhvshfw wkh Sljrx0Gdowrq sulqflsoh ri
wudqvihuv1 Wklv sulqflsoh srvwxodwhv wkdw d phdq0suhvhuylqj wudqvihu ri lqfrph
iurp d kljkhu0lqfrph shuvrq wr d orzhu0lqfrph shuvrq frqvwlwxwhv d vrfldo
lpsuryhphqw1 Wkh Sljrx0Gdowrq fulwhulrq kdv ehhq iudphg dowhuqdwlyho| dv d
vwurqj dqg dv d zhdn d{lrp iru wkh vwxg| ri sryhuw| lqglfhv +vhh Grqdogvrq
dqg Zh|pdun +4<;9, dqg ]khqj +4<<<,,1 Lq wkh zhdn yhuvlrq/ wkh d{lrp vd|v
wkdw wkh sryhuw| lqgh{ pxvw lqfuhdvh iroorzlqj d wudqvihu iurp rqh lqglylgxdo
wr dqrwkhu/ zhdowklhu/ lqglylgxdo/ surylglqj wkdw erwk duh lqlwldoo| ehorz wkh
6Dq lqhtxdolw| lqgh{ lv uhodwlyh li LI @ LJ zkhqhyhu I +|, @ J+￿|, iru doo | dqg iru
dq| jlyhq ￿A3=
9sryhuw| olqh dqg wkh wudqvihu grhv qrw oliw wkh zhdowklhu shuvrq deryh wklv
wkuhvkrog1 Wkh vwurqj d{lrp srvwxodwhv wkdw wkh lqgh{ pxvw lqfuhdvh hyhq li
wklv wudqvihu sxvkhv wkh kljkhu0lqfrph uhflslhqw deryh wkh sryhuw| olqh1 Rxu
dvvxpswlrq ri frqwlqxlw| ri wkh sryhuw| lqglfhv lq wkh qhljkerxukrrg ri wkh
sryhuw| olqh qhfhvvdulo| lpsolhv wkh vwurqj yhuvlrq ri wkh d{lrp1
Zkhq r ’￿wkh lqglfhv pxvw dovr eh vhqvlwlyh wr idyrxudeoh frpsrvlwh
wudqvihuv1 Wkhvh wudqvihuv duh vxfk wkdw d ehqh￿fldo Sljrx0Gdowrq wudqvihu
zlwklq wkh orzhu sduw ri wkh glvwulexwlrq/ dffrpsdqlhg e| d uhyhuvh Sljrx0
Gdowrq wudqvihu zlwklq wkh xsshu sduw ri wkh glvwulexwlrq/ zloo dgg wr zhoiduh
dqg ghfuhdvh sryhuw| dqg lqhtxdolw|/ surylghg wkdw wkh yduldqfh ri wkh glvwul0
exwlrq lv qrw lqfuhdvhg1 Nrop +4<:9, zdv wkh ￿uvw wr lqwurgxfh wklv frqglwlrq
lqwr wkh lqhtxdolw| olwhudwxuh/ dqg Ndnzdql +4<;3, vxevhtxhqwo| dgdswhg lw
wr sryhuw| phdvxuhphqw +vhh dovr Vkruurfnv dqg Irvwhu +4<;:, iru d frp0
sohwh fdudfwhul}dwlrq ri wklv wudqvihu sulqflsoh,1 Dv zlwk wkh Sljrx0Gdowrq
sulqflsoh ri wudqvihuv/ lw fdq dovr eh irupxodwhg dv d vwurqj ru dv d zhdn d{0
lrp71 Rxu frqwlqxlw| dvvxpswlrq/ ￿ ￿￿c qhfhvvdulo| lpsolhv wkh vwurqj yhuvlrq
ri wkh d{lrp1 Lw vkrxog eh qrwhg/ krzhyhu/ wkdw ]khqj +4<<<,/ zkloh djuhhlqj
wkdw dq dvvxpswlrq ri frqwlqxlw| ri sryhuw| lqglfhv dw wkh sryhuw| olqh lv
uhdvrqdeoh/ dujxhv wkdw wkh frqwlqxlw| ri wkhlu vxffhvvlyh ghulydwlyhv lv pruh
gl!fxow wr mxvwli| iurp d qrupdwlyh shuvshfwlyh1 Krzhyhu/ dv ]khqj +4<<<,
dovr srlqwv rxw/ li zh gr qrw pdnh wklv dvvxpswlrq/ lqfuhdvhv lq wkh ruglqdo
udqnlqj srzhu duh vljql￿fdqwo| glplqlvkhg dv zh pryh wr grplqdqfh rughuv
juhdwhu wkdq wzr1 Lq frqwudvw wr ]khqj +4<<<,/ dqg lq olqh zlwk Udydoolrq
+4<<7,/ zh wkxv suhihu khuh wr lghqwli| fodvvhv ri lqglfhv iru zklfk wkh ruglqdo
udqnlqj srzhu lqfuhdvhv zlwk lqfuhdvhv lq rughuv ri grplqdqfh/ dqg qrw/ dv lq
]khqj +4<<<,/ wr kljkoljkw wkh frqvhtxhqfhv ri qrw pdnlqj vx!flhqwo| vwurqj
dvvxpswlrqv rq wkh frqwlqxlw| ri vxffhvvlyh ghulydwlyhv1
Iru wkh lqwhusuhwdwlrq ri kljkhu rughuv ri grplqdqfh/ zh fdq xvh wkh
jhqhudolvhg wudqvihu sulqflsohv ri Ilvkexuq dqg Zloolj +4<;7,1 Iru r ’e c
iru lqvwdqfh/ frqvlghu d frpelqdwlrq ri frpsrvlwh wudqvihuv/ wkh ￿uvw rqh
ehlqj idyrxudeoh dqg rffxulqj zlwklq wkh orzhu sduw ri wkh glvwulexwlrq/ dqg
wkh vhfrqg rqh ehlqj xqidyrxudeoh dqg rffxulqj zlwklq wkh kljkhu sduw ri wkh
glvwulexwlrq1 Ehfdxvh wkh idyrxudeoh frpsrvlwh wudqvihu rffxuv orzhu grzq lq
wkh lqfrph glvwulexwlrq/ lqglfhv wkdw duh phpehuv ri wkh r ’efodvvhv vkrxog
uhvsrqg idyrxudeo| wr wklv frpelqdwlrq ri frpsrvlwh wudqvihuv1 Jhqhudolvhg
7Wkhuh duh/ lq idfw/ wkuhh gl￿huhqw irupxodwlrqv ri wkh frpsrvlwh wudqvihu1 Wkh lqwhu0
hvwhg uhdghu pd| uhihu wr ]khqj +4<<:, iru dq lqirupdwlyh glvfxvvlrq ri wklv1
:kljkhu0rughu wudqvihu sulqflsohv hvvhqwldoo| srvwxodwh wkdw/ dv r lqfuhdvhv/ wkh
zhljkw dvvljqhg wr wkh h￿hfw ri wudqvihuv rffxuulqj dw wkh erwwrp ri wkh
glvwulexwlrq dovr lqfuhdvhv1 Eodfnrue| dqg Grqdogvrq +4<:;, ghvfuleh wkhvh
lqglfhv dv ehfrplqj pruh Udzovldq1 Dv vkrzq lq Gdylgvrq dqg Gxforv +5333,
iru sryhuw| lqglfhv/ zkhq r $4rqo| wkh orzhvw lqfrph frxqwv/ wkrxjk dv
zh zloo vhh odwhu lq Vhfwlrq 7 wklv uhvxow grhv qrw jhqhudolvh wr lqglfhv ri
zhoiduh dqg lqhtxdolw|1
6 Fulwhuld iru Vwrfkdvwlf Grplqdqfh
Wklv vhfwlrq suhvhqwv d vhulhv ri fulwhuld iru vwrfkdvwlf grplqdqfh lq frp0
sdulvrqv ri devroxwh sryhuw|/ uhodwlyh sryhuw|/ zhoiduh/ dqg lqhtxdolw|1 Wkhvh
fulwhuld vkdoo eh xvhg lq wkh Vhfwlrq 7 wr hvwdeolvk olqnv ehwzhhq devroxwh dqg
uhodwlyh sryhuw| frpsdulvrqv/ rq wkh rqh kdqg/ dqg frpsdulvrqv ri zhoiduh
dqg lqhtxdolw|/ rq wkh rwkhu1
Frqvlghu wzr lqfrph glvwulexwlrq ixqfwlrqv/ 8 dqg Cc erwk gudzq iurp
wkh vhw @￿ Lq rughu wr vlpsoli| wkh h{srvlwlrq/ zh gh￿qh (￿











3￿8CA 8 Erc5￿￿ +49,
(r
C E+￿ lv gh￿qhg vlploduo|1 Frqvlghu/ ￿uvw/ frpsdulvrqv ri devroxwh sryhuw|1
Zkhq sryhuw| grhv qrw lqfuhdvh lq wkh sdvvdjh iurp glvwulexwlrq 8 wr glvwul0









R￿ E+c5￿_8 E+￿ ￿ f￿ +4:,
Li wkhuh lv d frqvhqvxv wkdw wkh sryhuw| olqh 5 vkrxog qrw h{fhhg vrph pd{l0
pxp/ 5nc wkhq lw lv srvvleoh wr od| rxw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru
devroxwh sryhuw| grplqdqfh dssolfdeoh wr doo rughuv ri vwrfkdvwlf grplqdqfh
+iru hdvh ri h{srvlwlrq/ wkh surriv ri doo sursrvlwlrqv dsshdu lq wkh dsshqgl{,1
Sursrvlwlrq 4 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru {￿￿
8CE5￿ ￿ fc iru




8 E+￿ ￿ (
r
C E+￿ ￿ f ;+ ￿ 5
n￿ +GVSD,
Wkh suhfhglqj sursrvlwlrq lv lq idfw d jhqhudol}dwlrq ri Dwnlqvrq*v +4<;:,
uhvxowv/ zklfk fryhu wkh fdvhv ri r ’￿ c21 Frqglwlrq GVSD lv qrw hqwluho|
;qhz/ vlqfh d vlplodu yhuvlrq lv irxqg lq Irvwhu dqg Vkruurfnv +4<;;d,1 Wkhlu
dqdo|vlv/ krzhyhu/ ghdov rqo| zlwk wkh IJW fodvv ri lqglfhv/ dqg qrw/ dv zh
gr/ zlwk wkh hqwluh ￿r
￿ fodvvhv ri lqglfhv1
Frqvlghu qrz frpsdulvrqv ri uhodwlyh sryhuw|1 Li wkhuh lv qr lqfuhdvh lq










R- E+cb>8￿_8 E+￿ ￿ f￿ +4;,
Frqvlghu uhodwlyh sryhuw| olqhv xs wr vrph pd{lpxp sursruwlrq ri wkh phdq/
b
n￿ Wr hvwdeolvk uhodwlyh sryhuw| grplqdqfh fulwhuld/ zh ￿uvw gh￿qh wudqviru0
pdwlrqv ri wkh glvwulexwlrq ixqfwlrqv 8 dqg C/ e 8 dqg e Cc rewdlqhg e| glylglqj
hdfk lqfrph lq wkh ruljlqdo glvwulexwlrq e| wkh dyhudjh lqfrph lq wkdw glvwul0
exwlrq1 Wkh wudqviruphg lqfrphv duh wkxv e +8 ’ +*>8 iru e 8 dqg e +C ’ +*>C





















Wklv ohdgv wr wkh iroorzlqj sursrvlwlrq=
Sursrvlwlrq 5 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru {￿-
8CEb￿ ￿ fc










e 8 Eb￿ ￿(
r
e C Eb￿ ￿ f ;b ￿ b
n￿ +GVSU,
Wklv sursrvlwlrq lv vlplodu wr wkh qrupdolvhg vwrfkdvwlf grplqdqfh frq0
glwlrq suhvhqwhg lq Irupe|/ Vplwk dqg ]khqj +4<<< dqg 5333, iru lqhtxdolw|
grplqdqfh/ h{fhsw wkdw frqglwlrq GVSU frqvlghuv sursruwlrqv ri wkh phdq
r q o |x sw rb
n1 Dv iru zhoiduh frpsdulvrqv/ zh fdq dvvhuw wkdw wkhuh lv qr







￿E+￿_8 E+￿ ￿ f￿ +53,
Wklv ohdgv wr wkh qh{w sursrvlwlrq1
<Sursrvlwlrq 6 D vx!flhqw frqglwlrq iru {L8C ￿ fc iru doo L 5 lrc lv=
(r
8 E+￿ ￿ (r
C E+￿ ￿ f ;+ 5 dfc@o￿
dqg/ li r ￿ ￿c
(￿
8 E@￿ ￿(￿
C E@￿ ￿ f ;￿ 5i 2c￿￿￿cr￿ ￿j￿
+GVX,
Qrwlfh wkdw/ iru r ’￿dqg 2c wkh grplqdqfh frqglwlrqv iru frpsdulvrqv ri
devroxwh sryhuw| dqg iru zhoiduh frpsdulvrqv duh lghqwlfdo li zh ohw 5n ’ @￿ Li
zh frqvlghuhg rqo| wkrvh ixqfwlrqv ￿E+￿ iru zklfk ￿￿ E+￿’fzkhq + ￿ @c wkhq
wklv vlplodulw| zrxog dxwrpdwlfdoo| eh h{whqghg wr doo rughuv ri vwrfkdvwlf
grplqdqfh1 Wklv zrxog uhtxluh wkdw wkh xwlolw| ￿eolvv￿ srlqw eh dfklhyhg
dw wkh pd{lpxp lqfrph @/ dqg wkdw ixuwkhu lqfuhdvhv lq lqfrphv sdvvhg @
zrxog eh vrfldoo| zruwkohvv1 Wkh uhvxowv lq wkh odvw sursrvlwlrq duh qrw qhz/
ehlqj douhdg| zhoo nqrzq lq wkh ￿qdqfldo hfrqrplfv olwhudwxuh1 Zklwpruh
+4<:3, lqwurgxfhg wkh frqfhsw ri wklug0rughu grplqdqfh/ dqg Wklvwoh +4<<6,
jhqhudol}hg wkh frqfhsw wr doo rughuv ri grplqdqfh +klv uhvxowv duh vlplodu wr
wkrvh ri GVX,1
Iru lqhtxdolw| frpsdulvrqv/ zh fdq hvwdeolvk wkdw wkhuh lv qr lqfuhdvh lq







8 ￿ f￿ +54,
Xvlqj wkh wudqviruphg glvwulexwlrqv e 8 dqg e Cczh fdq gh￿qh dqdorjrxv fulwhuld
iru vwrfkdvwlf grplqdqfh lq lqhtxdolw| frpsdulvrqv1
Sursrvlwlrq 7 {U8C ￿ f iru doo U 5 Crcr￿ 2c li=
(r
e 8 E￿￿ ￿ (r
e C E￿￿ ￿ f ;￿ 5 dfckoc
dqg/ li r ￿ ec
(r
e 8 Ek￿ ￿ (r
e 8 Ek￿ ￿ f ;￿ 5i ￿c￿￿￿cr ￿ ￿jc
+GVL,







Wklv lv djdlq vlplodu wr wkh qrupdolvhg vwrfkdvwlf grplqdqfh frqglwlrq
ri Irupe|/ Vplwk dqg ]khqj +4<<< dqg 5333,1 Frqglwlrq GVL rqo| dssolhv/
krzhyhu/ wr wkh olplwhg udqjh iru ￿ ri dfcko/ dqg iru r:￿ lw dovr lqfoxghv
whvwv dw wkh olplw k iru wkh frqglwlrqv dw suhylrxv rughuv8/ ￿ ’￿ c￿￿￿cr￿ ￿1
8Wkh frqglwlrq lq Irupe| hw1 do1 +5333, grhv qrw uhtxluh d whvw dw ￿ iru wkh orzhu
rughuv ri grplqdqfh1 Zh zloo frqvlghu vxfk whvwv lq wkh qh{w vhfwlrq1
43Qrwh dovr wkdw sursrvlwlrq GVL lv irxqg lq Dwnlqvrq +4<:3, iru r ’2 / zklfk
lv olqnhg wr Oruhq} grplqdqfh1 Vkruurfnv dqg Irvwhu +4<;:, dqg Gdylhv dqg
Kr| +4<<7, shuirup d ghwdlohg dqdo|vlv ri wklug0rughu grplqdqfh lq wkh fdvh
ri lqwhuvhfwlqj Oruhq} fxuyhv/ zklfk lv htxlydohqw wr fkhfnlqj wkh vlpsohu GVL
frqglwlrq iru r ’￿ 1
Qrwlfh dovr wkdw zh kdyh h{foxghg r ’￿lq Sursrvlwlrq 71 Dv dooxghg
wr ehiruh/ wklv lv ehfdxvh ￿uvw0rughu +xquhvwulfwhg, lqhtxdolw| grplqdqfh lv
qrw srvvleoh1 Wr vhh wklv/ frqvlghu Iljxuh 4/ zkhuh (￿
e 8E￿￿’ e 8E￿￿1 Vlqfh
U "
f ￿_ e 8E￿￿’
U "
f ￿_ e CE￿￿’￿e| gh￿qlwlrq ri wkh qrupdolvhg glvwulexwlrqv
e 8E￿￿ dqg e CE￿￿/ wkh duhdv ehwzhhq wkh grplqdqfh fxuyhv (￿
e 8E￿￿ dqg (￿
e CE￿￿
dqg wkh yhuwlfdo d{lv pxvw eh htxdo wr ￿1 Wklv lv vkrzq rq Iljxuh 4/ zkhuh
￿ n ￿ ’ ￿ n ￿ ’￿ 1 Lw iroorzv iurp wklv wkdw wkh lqhtxdolw| grplqdqfh
fxuyhv (￿
e 8E￿￿ dqg (￿
e CE￿￿ pxvw furvv dw vrph srlqw ￿n +vkrzq rq Iljxuh 4,/
dqg wkdw lw wkhuhiruh fdqqrw eh wkdw rqh ri wkh fxuyhv olhv dozd|v deryh wkh
rwkhu rqh iru doo ￿ 5 dfcko1
7 Zhoiduh/ Lqhtxdolw|/ dqg Sryhuw| Grplqdqfh
Zh qrz zlvk wr xvh wkh grplqdqfh fulwhuld GVSD/ GVSU/ GVX dqg GVL wr
hvwdeolvk htxlydohqflhv ehwzhhq frpsdulvrqv ri sryhuw| dqg frpsdulvrqv ri
zhoiduh dqg lqhtxdolw|1
D ￿uvw gl￿huhqfh ehwzhhq sryhuw| grplqdqfh fulwhuld dqg zhoiduh dqg
lqhtxdolw| grplqdqfh fulwhuld lv wkdw wkh odwwhu duh jhqhudoo| pruh ghpdqglqj/
vlqfh zh qhhg wr whvw d vhulhv ri frqglwlrqv dw @ ru k dw rughuv ohvv wkdq r￿
Wklv gl￿huhqfh dulvhv iurp wkh idfw wkdw zh lpsolflwo| dvvxph wkh ￿uvw r ￿ ￿
ghulydwlyhv ri wkh sryhuw| lqglfhv wr ydqlvk dw wkh sryhuw| olqh/ ehfdxvh ri
wkh gh￿qlwlrq ri sryhuw| lqglfhv +lq sduwlfxodu/ RE+c5￿’fzkhq +:5 ,d q g
ri wkh e ￿r frqwlqxlw| dvvxpswlrq1 Lw lv qdwxudo qrw wr lpsrvh dq dqdorjrxv
qxoolw| frqglwlrq iru vrfldo zhoiduh lqglfhv/ zklfk h{sodlqv wkh suhvhqfh ri
frqglwlrqv dw @ ru k dw rughuv ohvv wkdq r1
Ixuwkhupruh/ lw lv olnho| wkdw 5n 9’ @c zklfk uhqghuv wkh grpdlq ri wkh
whvwv iru sryhuw| grplqdqfh qduurzhu ru zlghu wkdq wkdw iru vrfldo zhoiduh
ru lqhtxdolw| grplqdqfh1 Krzhyhu/ li zh shuirup erwk wkh sryhuw| dqg wkh
vrfldo zhoiduh2lqhtxdolw| grplqdqfh whvwv rq wkh xquhvwulfwhg grpdlq dfc4￿
udwkhu wkdq rq dfc5no ru dfc@o/ zh fdq hvwdeolvk fhuwdlq htxlydohqflhv ehwzhhq
frpsdulvrqv ri devroxwh sryhuw| dqg zhoiduh/ rq wkh rqh kdqg/ dqg frpsdu0
lvrqv ehwzhhq uhodwlyh sryhuw| dqg lqhtxdolw|/ rq wkh rwkhu1 Iru wklv/ zh gudz
44rq wkh zrun ri Ilvkexuq +4<;3,/ zkr hvwdeolvkhv d olqn ehwzhhq vwrfkdvwlf
grplqdqfh fulwhuld ri ydulrxv rughuv dqg wkh prphqwv ri glvwulexwlrq ixqf0
wlrqv zkhq wkhvh ixqfwlrqv duh vxfk wkdw @ $4 ￿ Zh jhqhudol}h wkhvh uhvxowv
wr doo glvwulexwlrq ixqfwlrqv ehorqjlqj wr @ dqg wkhq dgdsw wkhp wr rxu
dqdo|vlv1 Xqolnh Ilvkexuq +4<;3,/ zh dovr hvwdeolvk d olqn ehwzhhq r0rughu
grplqdqfh frqglwlrqv dqg grplqdqfh dw @ ru k dw orzhu rughuv1
Wr gr wklv/ zh pxvw ￿uvw gh￿qh d elqdu| uhodwlrqvkls :W
r rq i(8 E%￿ m 8 5@ jc




Gh￿qlwlrq 4 (8 E%￿ :W
r (C E%￿ li dqg rqo| li (￿
8 E%￿ ￿ (￿
C E%￿ : f iru wkh
vpdoohvw ￿ ￿ r vxfk wkdw (￿
8 E%￿ 9’ (￿
C E%￿1
Vhfrqg/ zh pxvw ghfrpsrvh (r
8 E%￿ wr hvwdeolvk d olqn ehwzhhq wkh gl￿huhqw
rughuv ri grplqdqfh frqglwlrqv1








Xvlqj ohppd 8/ zh fdq hvwdeolvk wkh iroorzlqj olqn ehwzhhq whvwv ri r0rughu
vwrfkdvwlf grplqdqfh dqg orzhu0rughu whvwv=
Wkhruhp 9 Li 8cC 5@ / wkhq (8E@￿ :W
r (C E@￿ li (r
8 E%￿￿(r
C E%￿ ￿ f ;% 5
?n1
Wklv hvwdeolvkhv d olqn ehwzhhq r0rughu grplqdqfh frqglwlrqv ryhu ?n dqg
grplqdqfh frqglwlrqv dw wkh olplw @ ri wkh glvwulexwlrq dw vrph orzhu rughu1
Qrwh iurp Ohppd 8/ krzhyhu/ wkdw zkhq (8 E@￿ :W
r (C E@￿/l wp x v we hw k d w
*￿4%<"d(￿
8E%￿ ￿ (￿
CE%￿o ￿ f iru doo ￿ ￿ r1 Zh wkxv kdyh=
Fruroodu| : Jlyhq wkdw 8cC 5@ /l i8 9’ C dqg li (r
8 E+￿ ￿ (r
C E+￿ ￿
f ;+ 5? n/ wkhq *￿4%<" d(￿
8 E%￿ ￿ (￿
C E%￿o ￿ f iru doo ￿ ￿ r￿
Fruroodu| : vd|v wkdw li wkh xquhvwulfwhg grplqdqfh frqglwlrq dw rughu r
lv phw/ wkhq wkh orzhu0rughu frqglwlrqv dw % $4duh dovr phw1 Khqfh/
h{whqglqj wkh grpdlq ri wkh r￿rughu whvw (r
8E%￿ ￿ (r
CE%￿ ￿ f ryhu wkh
xquhvwulfwhg srvlwlyh uhdo grpdlq ri % dyrlgv fkhfnlqj frqglwlrqv dw rughuv
orzhu wkdq r1
Zh qrwhg dw wkh hqg ri Vhfwlrq 5 wkdw/ zkhq r $4 c rqo| wkh orzhvw
lqfrph pdwwhuhg iru sryhuw| grplqdqfh ryhu d udqjh ri sryhuw| olqhv erxqghg
deryh e| d ￿qlwh pd{lpxp sryhuw| olqh1 Wklv uhvxow qr orqjhu rewdlqv/
45krzhyhu/ li wkh udqjh ri srvvleoh sryhuw| olqhv h{whqgv wr lq￿qlw|1 Lqghhg/ wkh
uhvxow lq fruroodu| : lqglfdwhv wkdw/ li zh zhuh wr rewdlq xquhvwulfwhg r￿rughu
grplqdqfh rq ?nc zh zrxog lpsolflwo| qhhg zhdn grplqdqfh iru doo rughuv
￿ orzhu wkdq r +l1h1/ (￿
8E%￿ ￿ (￿
CE%￿ ￿ fc￿ ’￿ c￿￿￿cr ￿ ￿,d ww k hs r l q w%
whqglqj wr lq￿qlw|1 Doo lqfrphv zrxog pdwwhu lq ixo￿oolqj wkrvh orzhu rughuv
ri grplqdqfh frqglwlrqv/ qrw rqo| wkh orzhvw rqh1
Wkh uhvxow ri Fruroodu| : ohdgv wr ixuwkhu olqnv ehwzhhq devroxwh sryhuw|
dqg zhoiduh dw hyhu| rughu ri grplqdqfh9=
Sursrvlwlrq ; {L8C ￿ f iru doo L 5 lrc li=
(
r
8 E+￿ ￿ (
r
C E+￿ ￿ f ;+ 5 dfc4￿￿ +GVX*,
Zkhq whvwlqj iru vrfldo zhoiduh grplqdqfh/ frqglwlrq GVX* kdv wkh dgydq0
wdjh ri ehlqj d vlpsohu dqg zhdnhu frqglwlrq wkdq GVX1 E| Ohppd 8/ GVX
fohduo| lpsolhv GVX*1 GVX* grhv qrw/ krzhyhu/ qhfhvvdulo| lpso| GVX1 E|
Wkhruhp 9/ doo zh fdq vd| lv wkdw li (r
8E%￿￿(r
CE%￿ ￿ fc;% 5? n +dqg wkxv li
GVX* krogv,/ wkhq (￿
8E@￿￿(￿
CE@￿ iru wkh orzhvw ￿ vxfk wkdw (￿
8E%￿ 9’ (￿
CE%￿/
exw qrw qhfhvvdulo| iru wkh rwkhu kljkhu ydoxhv ri ￿ +dv uhtxluhg e| GVX,1
Wkhuhiruh/ h{whqglqj wkh whvw udqjh iru r￿rughu vrfldo zhoiduh grplqdqfh lq0
fuhdvhv wkh udqnlqj srzhu ri wkh surfhgxuh= wkhuh duh glvwulexwlrqv wkdw fdq
eh rughuhg xvlqj GVX*/ exw zklfk zloo idlo wr eh rughuhg xvlqj GVX1 D uhvxow
vlplodu wr Sursrvlwlrq ; rewdlqv iru lqhtxdolw| grplqdqfh=
Sursrvlwlrq < {U8C ￿ f iru doo U 5 Cr/ r ￿ 2/ li=
(
r
e 8 E￿￿ ￿ (
r
e C E￿￿ ￿ f ;￿ 5 dfc4￿￿ +GVL*,
Djdlq/ frqglwlrq GVL* lv d zhdnhu vx!flhqw frqglwlrq iru lqhtxdolw| grp0
lqdqfh wkdq frqglwlrq GVL lq Sursrvlwlrq 71 Xvlqj wkhvh uhvxowv lw lv srvvleoh
wr hvwdeolvk htxlydohqflhv ehwzhhq sryhuw| frpsdulvrqv dqg zhoiduh dqg lq0
htxdolw| frpsdulvrqv1
Sursrvlwlrq 43 Jlyhq wzr glvwulexwlrqv 8 dqg C 9’ 8/l i{￿ ￿
8CE5￿ ￿ f iru
dq| lqgh{ ￿ ￿ 5 ￿r
￿ dqg dq| wkuhvkrog 5 5 dfc4￿c wkhq {L8C ￿ f iru dq|
lqgh{ L 5 lr1
9Ilvkexuq*v +4<;3, wkhruhp doorzv wr gudz vxfk olqnv rqo| iru wkh ￿uvw wkuhh rughuv ri
grplqdqfh1
46Zh vkrxog qrwh khuh wkdw Irvwhu dqg Vkruurfnv +4<;;e, rewdlq vlplodu
uhvxowv iru grplqdqfh rughuv r ’￿ c2 dqg ￿ dssolhg wr wkh IJW fodvv ri
sryhuw| lqglfhv1 Xvlqj Ilvkexuq*v wkhruhp +4<;3,/ Irvwhu dqg Vkruurfnv*




￿￿ Wkh dgglwlrqdo frqwulexwlrq ri Wkhruhp 9 dqg Fruroodu| :
lv wr jhqhudol}h vxfk uhvxowv wr dq| rughu ri vwrfkdvwlf grplqdqfh1
D vlplodu uhvxow krogv iru uhodwlyh sryhuw| dqg lqhtxdolw| frpsdulvrqv1
Sursrvlwlrq 44 Jlyhq wzr glvwulexwlrqv 8 dqg C 9’ 8/l i{￿-
8CEb￿ ￿ f
iru dq| lqgh{ ￿￿ 5 ￿r
- dqg iru dq| uhodwlyh sryhuw| wkuhvkrog b 5 dfc4￿c
wkhq {U8C ￿ f iru dq| lqgh{ U 5 Cr￿
Djdlq/ qrwh wkdw Irvwhu dqg Vkruurfnv +4<;;f, ghyhors d vlplodu uhvxow
iru IJW lqglfhv dqg iru r ’2dqg ￿￿ Wkhruhp 9 dqg fruroodu| : doorz
xv wr h{sdqg wkh htxlydohqfh ehwzhhq frpsdulvrqv ri uhodwlyh sryhuw| dqg
frpsdulvrqv ri lqhtxdolw| wr doo rughuv ri vwrfkdvwlf grplqdqfh dqg wr wkh
odujhu fodvvhv ￿r
- ri uhodwlyh sryhuw| lqglfhv1
Wkh odvw wzr sursrvlwlrqv hvwdeolvk d fohdu olqn ehwzhhq devroxwh sryhuw|
dqg zhoiduh frpsdulvrqv/ rq wkh rqh kdqg/ dqg frpsdulvrqv ri uhodwlyh
sryhuw| dqg lqhtxdolw|/ rq wkh rwkhu1 Zkhq qr pd{lpxp sryhuw| olqh lv
vshfl￿hg/ urexvw sryhuw| frpsdulvrqv iru wkh ￿r
￿ fodvvhv ri lqglfhv duh lq idfw
urexvw zhoiduh frpsdulvrqv iru wkh lr fodvvhv ri lqglfhv1 Pruhryhu/ urexvw
uhodwlyh sryhuw| frpsdulvrqv iru wkh ￿r
- fodvvhv ri lqglfhv ryhu dq xquhvwulfwhg
udqjh ri sryhuw| olqhv duh lq idfw urexvw frpsdulvrqv ri lqhtxdolw| iru wkh Cr
fodvvhv ri lqglfhv1 Lq wklv iudphzrun/ lw ehfrphv srvvleoh wr wuhdw d udqnlqj
ri devroxwh sryhuw| lqglfhv dv d udqnlqj ri zhoiduh lqglfhv/ dqg d udqnlqj ri
uhodwlyh sryhuw| lqglfhv dv d udqnlqj ri lqhtxdolw| lqglfhv zkhq wkh sryhuw|
olqhv fdq h{whqg wr lq￿qlw|1
8 Fhqvruhg Zhoiduh dqg Lqhtxdolw| Frpsdu0
lvrqv
Sryhuw| frpsdulvrqv w|slfdoo| irfxv/ ri frxuvh/ rqo| rq d erwwrp vhjphqw ri
wkh lqfrph glvwulexwlrq1 Li zh vshfli| d ￿qlwh fhlolqj rq dgplvvleoh sryhuw|
olqhv/ lv wkhuh vwloo d olqn ehwzhhq sryhuw| frpsdulvrqv dqg zhoiduh dqg lq0
htxdolw| frpsdulvrqvB
47Lq wkh pdqqhu ri Irvwhu dqg Vkruurfnv +4<;;e,/ ohw xv hvwdeolvk ￿uvw d olqn
ehwzhhq devroxwh sryhuw| frpsdulvrqv dqg fhqvruhg zhoiduh frpsdulvrqv1
Dvvxph d fhuwdlq lqfrph fhlolqj/ +nc dw zklfk dq dqdo|vw zlvkhv wr fhqvru
wkh glvwulexwlrq ri lqfrphv +wkh dqdo|vw lv qrw lqwhuhvwhg lq wkh sruwlrqv ri
wkh lqfrphv wkdw h{fhhg wklv fhlolqj,1 Ghqrwh e| 8 W wklv fhqvruhg lqfrph
glvwulexwlrq/ vxfk wkdw=
+W ’ +c + ￿ +nc
+W ’ +nc+ : + n￿
+55,
CW lv gh￿qhg vlploduo|1 Wklv ohdgv wr wkh iroorzlqj sursrvlwlrq/ zklfk olqnv
devroxwh sryhuw| grplqdqfh wr zhoiduh grplqdqfh ri fhqvruhg lqfrph glvwul0
exwlrqv1
Sursrvlwlrq 45 Li {￿￿
8CE5￿ ￿ f iru dq| lqgh{ ￿￿ 5 ￿r
￿/ r ’￿ru 2/ dqg
jlyhq dq| wkuhvkrog 5 5 dfc+no/ wkhq {L8 WCW ￿ f iru wkh fhqvruhg lqfrph
glvwulexwlrqv 8W dqg CW dqg iru dq| lqgh{ L 5 lr/ r ’￿ru 21
Qrwh khuh wkdw wkh suhfhglqj sursrvlwlrq grhv qrw dsso| wr grplqdqfh ri
rughuv r ￿ ￿￿ Jlyhq wkdw wkh pd{lpxp sryhuw| olqh lv +nc wkh vxe0grpdlq ri
wkh glvwulexwlrq ixqfwlrq rq zklfk zh duh whvwlqj iru grplqdqfh lv qr orqjhu
?n￿ Lq wklv iudphzrun/ Wkhruhp 9 dqg Fruroodu| : qr orqjhu rewdlq1 Xvlqj
d iudphzrun zklfk gl￿huv iurp rxuv/ Irvwhu dqg Vkruurfnv +4<;;e, suryhv
d vlplodu uhvxow/ exw rqo| iru sryhuw| lqglfhv ri wkh IJW fodvv1 Sursrvlwlrq
45 jhqhudol}hv wklv uhvxow wr doo lqglfhv lq wkh fodvvhv ￿￿
￿ dqg ￿2
￿1 Irvwhu
dqg Vkruurfnv +4<;;e, dovr vkrz dq htxlydohqfh iru r ’￿ ￿ Krzhyhu/ iru
wkdw htxlydohqfh wkh| uhtxluh whvwlqj iru {(2
8 WCW E+n￿ ￿ f￿ Uhihuulqj edfn wr
Sursrvlwlrq 6/ lw lv fohdu wkdw dgglqj vxfk orzhu0rughu whvwv dw wkh erxqgdu|
E+n￿ doorzv h{whqglqj wkh htxlydohqflhv ri Sursrvlwlrq 45 wr doo rughuv ri
grplqdqfh1 Zh fdq wkxv frqfoxgh wkdw/ xqghu fhuwdlq frqglwlrqv/ d phdvxuh
ri devroxwh sryhuw| pd| eh wuhdwhg dv d phdvxuh ri zhoiduh iru d fhqvruhg
glvwulexwlrq ri lqfrph1
Ohw xv qrz lqwurgxfh d olqn ehwzhhq frpsdulvrqv ri uhodwlyh sryhuw| dqg
frpsdulvrqv ri fhqvruhg lqhtxdolw|1 Frqvlghu wkh fodvvhv CWr ￿ Cr ri lq0
htxdolw| lqglfhv/ ULE￿n￿/ gh￿qhg e| +46, dqg +47, zlwk dq lvrhodvwlf ixqfwlrq
￿E+￿’} E+(>￿ vxfk wkdw=
} E+(>￿’
+
+c li + ￿ ￿n>c
￿n>c li +:￿ n>￿ +56,
48Iru d jlyhq phdq lqfrph/ wkh yduldeoh ￿n uhsuhvhqwv wkh sursruwlrq ri phdq
lqfrph xs wr zklfk zh frqvlghu lqfrphv wr eh uhohydqw lq frpsdulqj lq0
htxdolw|1 Dq lqgh{ UE￿n￿ ri wkh fodvv CWr lv wkxv qrw vhqvlwlyh wr rffxuuhqfhv
d￿hfwlqj lqfrphv deryh ￿n>/ vr orqj dv phdq lqfrph lv xqd￿hfwhg1 Wklv
h￿hfwlyho| fruuhvsrqgv wr Sljrx0Gdowrq dqg jhqhudolvhg wudqvihu sulqflsohv
zkrvh dssolfdwlrq lv olplwhg wr wkh erwwrp sduw ri wkh glvwulexwlrq1 Dv zlwk
wkh Sljrx0Gdowrq sulqflsoh ri wudqvihuv/ wklv qhz olplwhg wudqvihu sulqflsoh
vwlsxodwhv iru r ’2wkdw lqhtxdolw| pxvw lqfuhdvh li d phdq0suhvhuylqj wudqv0
ihu rffxuv iurp dq lqglylgxdo zkrvh lqfrph olhv ehorz ￿n> wr vrphrqh zlwk
d kljkhu lqfrph1 Li vxfk d wudqvihu rffxuv dprqj shuvrqv zkrvh lqfrphv duh
+dqg uhpdlq, juhdwhu wkdq ￿n>/ wkh lqgh{ uhpdlqv xqfkdqjhg1 Vlqfh wkh qhz
lqglfhv gr qrw uhvshfw vwulfwo| wkh Sljrx0Gdowrq sulqflsoh ri wudqvihuv/ zh fdq
wuhdw wkhp dv lqglfhv ri fhqvruhg lqhtxdolw| +lq dqdorj| wr devroxwh sryhuw|
lqglfhv/ zklfk dv vkrzq deryh fdq eh wkrxjkw ri dv lqglfhv ri fhqvruhg vrfldo






n￿ m L 5 l
r/ ￿E+￿’￿ d} E+(>￿o/ dqg ￿ lv lvrhodvwlf
r
￿ +57,
Qrwh wkdw/ xqolnh iru wkh fodvv C￿c wkhuh zloo h{lvw d phdqlqjixo srvvlelolw| ri
udqnlqj glvwulexwlrqv xqdpeljxrxvo| ryhu wkh fodvv CW￿￿ Zh pd| qrz vwdwh
vwrfkdvwlf grplqdqfh fulwhuld iru wkhvh qhz fodvvhv ri fhqvruhg lqhtxdolw|
lqglfhv/ CWr￿
Sursrvlwlrq 46 {U8CE￿n￿ ￿ f iru doo UE￿n￿ 5 CWr/l i =
(r
e 8 E￿￿ ￿ (r
e C E￿￿ ￿ f ;￿ 5 dfc￿noc
dqg/ li r ￿ ￿c
(￿
e 8 E￿n￿ ￿(￿
e C E￿n￿ ￿ f ;￿ 5i 2c￿c￿￿￿cr￿ ￿j￿
+GVL-,
Iru r ’￿ c2/ wklv ohdgv vwudljkwiruzdugo| wr wkh iroorzlqj olqn ehwzhhq
wkh phdvxuhphqw ri uhodwlyh sryhuw| dqg fhqvruhg lqhtxdolw|=
Sursrvlwlrq 47 Li {￿-
8CEb￿ ￿ fc iru dq| lqgh{ ￿- 5 ￿r
-/ r ’￿ru 2/ dqg
iru dq| wkuhvkrog b 5 dfc￿noc wkhq {U8CE￿n￿ ￿ f iru dq| lqgh{ UE￿n￿ 5 CWr1
Wklv uhvxow lpsolhv wkdw zh fdq dozd|v wuhdw d udqnlqj ri uhodwlyh sryhuw|
dw rughu r ’￿ c2 dv d udqnlqj ri fhqvruhg lqhtxdolw|/ wkdw lv/ lqhtxdolw| mxgjh0
phqwv wkdw irfxv rqo| rq wkh orzhu sruwlrqv ri lqfrphv1 Iru kljkhu rughuv/
￿r
- uhjurxsv lqglfhv wkdw h￿hfwlyho| dovr dfw dv lqglfhv ri fhqvruhg lqhtxdolw|1
49Wkhvh lqglfhv fdqqrw/ krzhyhu/ eh ghulyhg iurp dq dgglwlyh vrfldo zhoiduh iru0
pxodwlrq iru zklfk wkh lqglylgxdo xwlolw| ixqfwlrqv duh lvrhodvwlf +dv lq +57,,
dqg iurp wkh wudglwlrqdo htxdoo|0glvwulexwhg0htxlydohqw lqfrph surfhgxuh ri
htxdwlrq +46,1 ￿r
- grplqdqfh udqnlqjv iru r ￿ ￿ fdqqrw wkhuhiruh eh olqnhg
wr fhqvruhg lqhtxdolw| udqnlqjv/ dv grqh lq Sursrvlwlrq 47 deryh iru r ’￿ c21
Exw wkh lqglfhv lq ￿r
- duh krprjhqhrxv ri ghjuhh 3 lq lqfrphv/ dqg wkh|
gr reh| zhdno| wkh uhtxluhg r￿rughu jhqhudolvhg wudqvihu sulqflsohv1 Vlqfh





/ wkh| fdq dovr eh
wkrxjkw ri dv fhqvruhg lqhtxdolw| lqglfhv1 Jlyhq wkdw uhodwlyh sryhuw| lqglfhv
irfxv rqo| rq wkh erwwrp sduw ri wkh glvwulexwlrq/ lw lv hdvlhu wr rewdlq d
urexvw uhodwlyh sryhuw| udqnlqj ehwzhhq gl￿huhqw glvwulexwlrqv wkdq d urexvw
xquhvwulfwhg lqhtxdolw| udqnlqj1
9 Uhodwlyh Sryhuw| dqg Uhvwulfwhg Lqhtxdolw|
Grplqdqfh
Fhqvruhg ru uhvwulfwhg lqhtxdolw| frpsdulvrqv kdyh lq idfw ehhq iuhtxhqwo|
shuiruphg iru d orqj wlph lq wkh hpslulfdo olwhudwxuh rq wkh glvwulexwlrq ri
lqfrph1 Wkh qrupdwlyh irxqgdwlrqv ri wkhvh frpsdulvrqv gr qrw dsshdu wr
eh zhoo xqghuvwrrg/ krzhyhu/ dqg dv zh qrz glvfxvv/ wkh frpsdulvrqv duh
riwhq grqh lq d pdqqhu zklfk lv lqfrqvlvwhqw zlwk wkh vwrfkdvwlf grplqdqfh
fulwhuld ghulyhg deryh1
Wkh ￿uvw zd| lq zklfk uhvwulfwhg lqhtxdolw| frpsdulvrqv duh h￿hfwlyho|
irxqg lq wkh olwhudwxuh lv wkurxjk uhodwlyh sryhuw| frpsdulvrqv1 Wkh frp0
prqhvw h{dpsoh ri wklv lv zlwk frpsdulvrqv ri wkh sursruwlrqv ri lqglylgxdov
irxqg xqghuqhdwk ydulrxv sursruwlrqv ri wkh phdq dv d uhodwlyh sryhuw| olqh1
Wklv lv jlyhq e| (￿
e 8E￿￿ iru glvwulexwlrq 8/ dqg lv wkhuhiruh dq lqvwdqfh ri d
whvw iru ￿uvw0rughu uhvwulfwhg lqhtxdolw| grplqdqfh1 Iru frpsdulvrqv dw kljkhu
rughuv ri vwrfkdvwlf grplqdqfh/ wkh fulwhuld vlpso| lqyroyh wkh frpprq xvh
ri wkh qrupdolvhg IJW lqglfhv frpelqhg zlwk sursruwlrqv ri wkh phdq dv
uhodwlyh sryhuw| olqhv1 Qrwh/ krzhyhu/ wkdw iru uhodwlyh sryhuw| frpsdulvrqv
wr kdyh d phdqlqjixo lqwhusuhwdwlrq lq whupv ri uhvwulfwhg lqhtxdolw| frpsdu0
lvrqv/ wkh uhodwlyh sryhuw| olqh pxvw eh vhw dv d sursruwlrq ri wkh phdq/ qrw
dv d sursruwlrq ri wkh phgldq ru ri dqrwkhu txdqwloh/ dv lv vrphwlphv grqh1
Wkh vhfrqg zd| lq zklfk uhvwulfwhg lqhtxdolw| frpsdulvrqv lpsolflwo| dulvh
lq wkh hpslulfdo olwhudwxuh lv wkurxjk wkh xvh ri wkh gxdo +ru ￿R0dssurdfk￿,
4:wr vwrfkdvwlf grplqdqfh +iru pruh rq wklv/ vhh iru lqvwdqfh Gdylgvrq dqg
Gxforv +5333,,1 Iru ￿uvw0rughu uhvwulfwhg lqhtxdolw| grplqdqfh/ wklv lqyroyhv
wkh xvh ri udwlrv ri txdqwlohv ryhu wkh phdq +qrupdolvhg txdqwlohv,/ udwlrv
ri txdqwlohv +h1j1/ wkh 58|￿0shufhqwloh ryhu wkh phgldq/ ru wkh udwlr ri wkh
:8|￿0shufhqwloh ryhu wkh 58|￿shufhqwloh,/ ru gl￿huhqfhv ehwzhhq qrupdolvhg
txdqwlohv +￿qrupdolvhg lqwhutxdqwloh glvwdqfhv￿,1
Wr vhh krz vxfk frpsdulvrqv uhodwh wr wkh ￿uvw0rughu lqhtxdolw| grplqdqfh
fulwhuld ghulyhg deryh/ frqvlghu Iljxuh 51 Rq wkh krul}rqwdo d{lv/ zh ￿qg wkh
sursruwlrq ￿ ri wkh phdq xvhg dv d uhodwlyh sryhuw| olqh wr frpsduh uhodwlyh
sryhuw| lq glvwulexwlrqv 8 dqg C1 Rq wkh yhuwlfdo d{lv/ zh ￿qg wkh sursruwlrq
ri lqglylgxdov ehorz wkrvh uhodwlyh sryhuw| olqhv lq 8 dqg lq C1O h w’8ER￿ eh
wkh lqyhuvh ri wkh glvwulexwlrq ixqfwlrq 8/ vxfk wkdw ’8ER￿’83￿ER￿1 ’8ER￿
lv wkxv wkh R￿txdqwloh ri glvwulexwlrq 81O h w’CER￿ eh gh￿qhg dqdorjrxvo|/
dqg ghqrwh e| KER￿’’ER￿*> wkh qrupdolvhg txdqwlohv1 E| gh￿qlwlrq/ zh
wkxv kdyh wkdw 8EK8ER￿>8￿’8E’8ER￿￿ ’ R1 Iru ￿uvw0rughu uhodwlyh sryhuw|
grplqdqfh ri C ryhu 8/z hw k x vu h t x l u hw k d w8E￿>8￿ ￿ CE￿>C￿ iru d udqjh
ri ￿/ zklfk lq Iljxuh 5 lv rewdlqhg iru doo srvlwlyh ￿ xqwlo ￿n1 Htxlydohqwo|/
wklv fdq eh whvwhg e| frpsdulqj qrupdolvhg txdqwlohv dqg e| fkhfnlqj wkdw
K8ER￿ ￿ KCER￿ iru d udqjh ri R/ zklfk lq Iljxuh 5 lv rewdlqhg iru doo srvlwlyh
R xqwlo Rn1 Fohduo|/ 8E￿n>8￿’CE￿n>C￿’Rn1 Khqfh/ zh kdyh uhvwulfwhg
￿uvw0rughu lqhtxdolw| grplqdqfh ri C ryhu 8 xs wr ￿n dqg Rn1
Wkh frpsdulvrq ri qrupdolvhg txdqwlohv lq wkh hpslulfdo lqfrph glvwul0
exwlrq olwhudwxuh lv wkxv frqvlvwhqw zlwk wkh ￿uvw0rughu uhvwulfwhg lqhtxdolw|
grplqdqfh fulwhuld ghyhorshg deryh1 Wr ohdg wr d urexvw udqnlqj ri fhqvruhg
lqhtxdolw|/ vxfk frpsdulvrqv pxvw/ krzhyhu/ eh grqh ryhu d udqjh ri R ydoxhv/
vwduwlqj iurp }hur1
Udwlrv ri txdqwlohv dqg gl￿huhqfhv ehwzhhq qrupdolvhg txdqwlohv/ duh qrw/
krzhyhu/ jhqhudoo| frqvlvwhqw zlwk lqhtxdolw| grplqdqfh udqnlqjv1 Wr vhh
wklv/ qrwh lq Iljxuh 5 wkdw dowkrxjk glvwulexwlrq 8 kdv urexvwo| pruh fhq0
vruhg lqhtxdolw| wkdq C/ wkh udwlr ri wkh phgldq ryhu wkh 58|￿0shufhqwloh lv ohvv
lq 8 wkdq lq C= K8Ef￿2D￿*K8Ef￿D￿ : KCEf￿2D￿*KCEf￿D￿￿ Wklv zurqjo| vxj0
jhvwv wkdw wkhuh lv ohvv lqhtxdolw| lq 8 wkdq lq C1 Vlploduo|/ wkh qrupdolvhg
lqwhutxdqwloh glvwdqfh KEf￿D￿￿KEf￿2D￿ lv dovr orzhu lq 8 wkdq lq C/ vxjjhvw0
lqj djdlq zurqjo| wkdw lqhtxdolw| lv orzhu lq 81 Pruhryhu/ vlqfh ￿uvw0rughu
uhvwulfwhg lqhtxdolw| grplqdqfh +xs wr ￿n, lpsolhv kljkhu0rughu uhvwulfwhg
lqhtxdolw| grplqdqfh +dw ohdvw xs wr ￿n,/ txdqwloh udwlrv dqg qrupdolvhg
lqwhutxdqwloh glvwdqfhv duh lqfrqvlvwhqw qrw rqo| zlwk ￿uvw0rughu uhvwulfwhg
lqhtxdolw| grplqdqfh/ exw dovr zlwk dq| kljkhu￿rughu frqfhsw ri uhvwulfwhg
4;ru xquhvwulfwhg lqhtxdolw| grplqdqfh +dqg khqfh zlwk Oruhq} grplqdqfh,1
Wkhvh phdvxuhv vkrxog wkhuhiruh eh dyrlghg1
: Uhodwlyh Sryhuw| dqg Uhvwulfwhg Lqhtxdolw|
Grplqdqfh= D Jhrphwulf Dqdo|vlv
Wklv vhfwlrq ixuwkhu ghyhorsv wkh olqn ehwzhhq sryhuw| dqg lqhtxdolw| e| lo0
oxvwudwlqj judsklfdoo| krz d irfxv rq uhodwlyh sryhuw| dqg fhqvruhg lqhtxdolw|
frpsdulvrqv jlyhv xv d juhdwhu udqnlqj srzhu wkdq d frqvlghudwlrq ri xquh0
vwulfwhg lqhtxdolw| frpsdulvrqv1 Wr gr wklv/ dvvxph d vrflhw| frpsulvlqj
wkuhh lqglylgxdov dqg zkr vkduh d wrwdo lqfrph ri ￿>￿ Lq zkdw iroorzv/ zkhq
d glvwulexwlrq % lv pruh xqhtxdo wkdq d glvwulexwlrq +/ iru doo U 5 Cr/z h
zulwh %Ur+￿
Uhihu qrz wr Iljxuh 6 dqg dvvxph wkdw wkh lqlwldo lqfrph glvwulexwlrq lv
jlyhq e| srlqw @ lq wkh lqwhulru ri wkh vlpsoh{1 Ohw xv qrz ghwhuplqh wkrvh
glvwulexwlrqv iru zklfk wkhuh h{lvwv d urexvw udqnlqj ri lqhtxdolw| lqglfhv
ri fodvv C2c l1h1 glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv gr qrw lqwhuvhfw
wkrvh ri glvwulexwlrq @￿ Zh nqrz wkdw shupxwdwlrqv ri wkh wkuhh lqglylgx0
dov* lqfrphv |lhog glvwulexwlrqv iru zklfk lqhtxdolw| lv h{dfwo| wkh vdph dv
iru glvwulexwlrq @￿ Li zh frqqhfw wkhvh srlqwv zlwk olqh vhjphqwv zh rewdlq
dq luuhjxodu kh{djrq1 Doo srlqwv rq wkhvh olqh vhjphqwv uhsuhvhqw lqfrph
glvwulexwlrqv zlwk ohvv lqhtxdolw| wkdq glvwulexwlrq @c h{fhsw wkrvh srlqwv
uhsuhvhqwlqj shupxwdwlrqv ri wkh lqfrphv lq @￿ Wkh uhdvrq iru wklv lv uhod0
wlyho| vwudljkwiruzdug= dw dq| srlqw rq d jlyhq olqh vhjphqw/ d surjuhvvlyh
wudqvihu ri lqfrph lv rffxuulqj ehwzhhq wzr lqglylgxdov zkloh wkdw ri wkh wklug
lqglylgxdo lv frqvwdqw1 Wkh vhw ri doo srlqwv lq wkh lqwhulru ri wkh kh{djrq
uhsuhvhqwv lqfrph glvwulexwlrqv zlwk ohvv lqhtxdolw| wkdq @￿ Lqghhg/ prylqj
lqwr wkh lqwhulru ri wkh kh{djrq/ rqh dssurdfkhv wkh srlqw E>c>c>￿c zklfk
sruwud|v d shuihfwo| hjdolwduldq glvwulexwlrq ri lqfrphv1
Zh kdyh mxvw surylghg d ghvfulswlrq ri wkh vhw ri glvwulexwlrqv zkrvh
Oruhq} fxuyhv grplqdwh wkh Oruhq} fxuyh ri glvwulexwlrq @ E@U2+￿￿ Ohw xv
qrz ￿qg glvwulexwlrqv zkrvh Oruhq} fxuyhv duh grplqdwhg e| wkdw ri glvwul0
exwlrq @ E+U2@￿￿ Wkhvh glvwulexwlrqv duh uhsuhvhqwhg e| wkh uhjlrqv lq wkh
duurzkhdgv vlwxdwhg dw wkh h{wuhplwlhv ri wkh vlpsoh{1 Lq idfw/ glvwulexwlrq @
pd| eh rewdlqhg iurp dq| rqh ri wkhvh glvwulexwlrqv wkurxjk wkh vlpsoh lp0
sohphqwdwlrq ri surjuhvvlyh lqfrph wudqvihuv1 Ilqdoo|/ wkhuh duh glvwulexwlrqv
4<zkrvh Oruhq} fxuyhv lqwhuvhfw wkdw ri glvwulexwlrq @ Eq￿￿ Zh nqrz wkdw wkhvh
glvwulexwlrqv duh grplqdwhg e| glvwulexwlrqv vlwxdwhg rq wkh olqh vhjphqwv
iruplqj wkh kh{djrq1 Krzhyhu/ vlqfh wkhvh glvwulexwlrqv rq wkh vhjphqwv
grplqdwh glvwulexwlrq @c zh fdqqrw vd| dq|wklqj frqfhuqlqj frpsdulvrqv ri
lqhtxdolw| ehwzhhq glvwulexwlrqv vlwxdwhg lq wkh uhjlrqv ghvljqdwhg Eq￿ dqg
glvwulexwlrq @￿
Wkhuh duh wzr zd|v lq zklfk zh fdq lqfuhdvh wkh vl}h ri wkh vhw ri glv0
wulexwlrqv wkdw fdq eh udqnhg zlwk @1 Wkh ￿uvw lv e| iroorzlqj Irvwhu dqg
Vkruurfnv +4<;;e dqg f, dqg Gdylhv dqg Kr| +4<<7, dqg e| uhvwulfwlqj wkh
dqdo|vlv wr lqglfhv ri fodvv C￿￿ Lqhtxdolw| lqglfhv ri fodvv C￿ duh wkrvh zklfk
duh vhqvlwlyh wr frpsrvlwh wudqvihuv1 D ehqh￿fldo frpsrvlwh wudqvihu lv rqh
ehwzhhq irxu lqglylgxdov/ ￿c￿c&c dqg ,c kdylqj lqfrphv +￿ ￿+ ￿ ￿ +& ￿+ ,￿
Wkh wudqvihu lv iurp ￿ wr ￿ dqg iurp & wr ,c vxfk wkdw wkh yduldqfh ri wkh
glvwulexwlrq grhv qrw fkdqjh1 Qrwh wkdw wkh ￿uvw wudqvihu lv d surjuhvvlyh
wudqvihu/ zkloh wkh vhfrqg lv qrw1 Wklv dssurdfk lqfuhdvhv wkh qxpehu ri glv0
wulexwlrqv wkdw fdq eh vxemhfw wr d urexvw udqnlqj zlwk uhvshfw wr @ wkurxjk
wkh dgglwlrq ri wkh uhjlrqv ghqrwhg En￿ dqg E￿￿ lq Iljxuh 71
Wr xqghuvwdqg wklv gldjudp/ uhihu wr wkh gh￿qlwlrq ri wkh yduldqfh iru d
glvwulexwlrq ri lqfrph ehwzhhq wkuhh shuvrqv=
￿ ￿ j
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Wkh vhw ri srlqwv zkrvh yduldqfh lv htxdo wr wkh yduldqfh ri @ lv wkxv d vskhuh
fhqwuhg rq E>c>c>￿ dqg sdvvlqj wkurxjk @￿ Wkh lqwhuvhfwlrq ri wklv vskhuh
zlwk wkh vlpsoh{ jlyhv xv wkh flufoh looxvwudwhg lq Iljxuh 71 Wkh uhjlrqv
ghqrwhg En￿ ghslfw glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkh
Oruhq} fxuyh ri glvwulexwlrq @ dqg duh vxfk wkdw @U￿+￿Wkh uhjlrqv uhsuhvhqwhg
e| E￿￿ ghslfw glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkh Oruhq}
fxuyh ri glvwulexwlrq @ dqg duh vxfk wkdw +U￿@￿ Wr xqghuvwdqg wklv/ qrwlfh
wkdw doo glvwulexwlrqv rq wkh flufoh ehwzhhq srlqwv @ dqg Kc ehwzhhq srlqwv S
dqg _c dqg ehwzhhq srlqwv e dqg sc duh vxfk wkdw @U￿+￿ Wkhvh orfl duh/ lq idfw/
rewdlqhg e| uhglvwulexwlqj vrph ri wkh lqfrph ri wkh shuvrq zlwk d phgldq
lqfrph wrzdugv wkh ulfkhvw dqg wkh srruhvw shuvrq zlwkrxw lqfuhdvlqj wkh
yduldqfh ri wkh glvwulexwlrq1 Frqyhuvho|/ wkh glvwulexwlrqv orfdwhg ehwzhhq
srlqwv @ dqg sc ehwzhhq srlqwv K dqg Sc dqg ehwzhhq srlqwv _ dqg e duh
vxfk wkdw +U￿@￿ Wkhvh glvwulexwlrqv dulvh iurp vkliwlqj vrph lqfrph iurp wkh
zhdowklhvw shuvrq/ dqg vrph iurp wkh srruhvw shuvrq/ wrzdug wkh shuvrq lq
wkh plggoh zlwkrxw lqfuhdvlqj wkh yduldqfh1 Zh nqrz wkdw glvwulexwlrq @ fdq
53eh rewdlqhg iurp wkhvh glvwulexwlrqv wkurxjk lpsohphqwdwlrq ri d frpsrvlwh
wudqvihu1 Lqhtxdolw| lv wkxv juhdwhu lq wkhvh glvwulexwlrqv iru lqglfhv ri fodvv
C￿￿
Zh qrz zlvk wr looxvwudwh krz uhvwulfwlqj wkh dqdo|vlv wr phdvxuhv ri wkh
fodvv CW2 lqfuhdvhv wkh qxpehu ri glvwulexwlrqv wkdw fdq eh urexvwo| frpsduhg
zlwk @￿ Wkrxjk frqyh{/ vrfldo lqgl￿huhqfh fxuyhv fruuhvsrqglqj wr lqglfhv ri
wkh fodvv CW2 duh qrw vwulfwo| frqyh{/ xqolnh vrfldo lqgl￿huhqfh fxuyhv fruuh0
vsrqglqj wr lqglfhv vhqvlwlyh wr wkh hqwluh grpdlq ri lqfrph glvwulexwlrqv1
Ohw xv h{dplqh wkh fdvh ri d wrwdo lqfrph 2> ehlqj vsolw ehwzhhq wzr shuvrqv1
Iljxuh 8 looxvwudwhv d vrfldo lqgl￿huhqfh fxuyh fruuhvsrqglqj wr dq lqhtxdolw|
lqgh{ vhqvlwlyh wr wkh hqwluh glvwulexwlrq1 Iljxuh 9 looxvwudwhv wkh dqdorjrxv
fxuyh iru dq lqgh{ ehorqjlqj wr CW2￿ Qrwlfh wkdw/ lq wklv odwwhu fdvh/ wkh vhw
ri lqfrph glvwulexwlrqv iru zklfk hdfk lqglylgxdo kdv dq lqfrph juhdwhu wkdq
￿n> lv htxlydohqw/ iurp d vrfldo shuvshfwlyh/ wr wkh hjdolwduldq glvwulexwlrq
lq zklfk hdfk kdv lqfrph >￿
Uhwxuqlqj wr wkh fdvh ri wkuhh lqglylgxdov/ wkh  dw vhjphqw ri wkh vrfldo
lqgl￿huhqfh fxuyh qrz fruuhvsrqgv wr wkh uhjlrqv vlwxdwhg lq wkh lqwhulru ri
wkh grwwhg olqhv lq Iljxuh :1 Wkhvh glvwulexwlrqv duh suhihuuhg wr @ ehfdxvh
wkh| duh htxlydohqw/ iurp d vrfldo shuvshfwlyh/ wr wkh hjdolwduldq glvwulexwlrq
xqghu vrfldo suhihuhqfhv fruuhvsrqglqj wr lqhtxdolw| lqglfhv ri fodvv CW2￿ Dv
wklv wuldqjoh lqfoxghv srlqwv +uhjlrqv ghqrwhg En￿, fruuhvsrqglqj wr lqfrph
glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkh Oruhq} fxuyh ri glvwul0
exwlrq @c wkh uhvwulfwlrq wr lqglfhv ri wkh fodvv CW2 kdv hqkdqfhg rxu delolw|
wr jhqhudwh urexvw udqnlqjv ri wkhvh glvwulexwlrqv1 Jlyhq wkdw wkhvh lqglfhv
duh vhqvlwlyh rqo| wr wkh orzhu lqfrph sruwlrqv lq wkh lqfrph glvwulexwlrq/
wkh rswlpdo srlqw/ iurp d vrfldo shuvshfwlyh/ lv qrw xqltxh1
Wkh vhw ri srlqwv orfdwhg zlwklq wkh grwwhg wuldqjoh ri Ilj x u h:l vw k x v
htxlydohqw wr wkh srlqw E>c>c>￿ iurp vrflhw|*v srlqw ri ylhz1 Wklv wuldqjoh
fruuhvsrqgv wr wkh  dw vhfwlrq rq wkh lqgl￿huhqfh fxuyh lq Iljxuh 91 Pruh0
ryhu/ uhjlrqv ghqrwhg E￿￿ fruuhvsrqg wr lqfrph glvwulexwlrqv vxfk wkdw +UW2@c
iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkdw ri glvwulexwlrq @￿ Jlyhq wkdw lq0
htxdolw| lqglfhv ehorqjlqj wr CW2 duh rqo| vhqvlwlyh wr fkdqjhv dw wkh erwwrp
ri wkh glvwulexwlrq/ zh rewdlq d urexvw udqnlqj hyhq li wkh Oruhq} fxuyhv lq0
whuvhfw1 Wr vhh wklv/ ehdu lq plqg wkdw doo srlqwv vlwxdwhg rq wkh olqh vhjphqw
sdvvlqj wkurxjk @ dqg sc dqg orfdwhg ehwzhhq wkh grwwhg olqhv/ duh htxlydohqw
wr srlqw @ iurp d vrfldo shuvshfwlyh1 Djdlq/ wklv lv dwwulexwdeoh wr wkh idfw
wkdw wkh vrfldo lqgl￿huhqfh vxuidfhv duh qrw vwulfwo| frqyh{ iru wkh fodvv CW2￿
Wkhvh srlqwv duh orfdwhg rq d  dw vhjphqw ri wklv vxuidfh1 Frqyhuvho|/ srlqwv
54orfdwhg rq dq| olqh vhjphqw sdudooho wr wkdw sdvvlqj wkurxjk @ dqg scvlwxdwhg
wr wkh qruwk0zhvw ri lw/ dqg eudfnhwhg e| wkh wzr grwwhg olqhv/ frqvwlwxwh orfl
ri glvwulexwlrqv zklfk duh htxlydohqw exw hqwdlo pruh lqhtxdolw| wkdq @c vlqfh
wkh| ehorqj wr dq lqgl￿huhqfh vxuidfh ehorz wkdw ri @￿
Qrwh wkdw iru hyhu| glvwulexwlrq @ wkhuh h{lvwv d udqjh ri vx!flhqwo| vpdoo
￿n vxfk wkdw wkh srzhu ri udqnlqj @ ryhu wkh fodvv CW2 lv juhdwhu wkdq wkh
srzhu ri udqnlqj ryhu wkh fodvv C2￿ Wklv uhtxluhv wkdw ￿n eh vpdoo hqrxjk iru
wkh glvwulexwlrq @ wr eh uhvwulfwhg wr d  dw vhjphqw ri wkh vrfldo lqgl￿huhqfh
vxuidfh1 Wkh pd{lpdo ydoxh ri ￿n iru zklfk wklv udqnlqj srzhu lv juhdwhu
iru CW2 wkdq iru C2 lv rewdlqhg zkhq wkh grwwhg olqhv wkdw irup d wuldqjoh lq
Iljxuh : sdvv wkurxjk @1 Wklv pd{lpdo ydoxh ri ￿n lv looxvwudwhg lq Iljxuh ;1
Iru juhdwhu ydoxhv ri ￿n wkdq wkh rqh vkrzq lq Iljxuh ;/ wkh udqnlqj srzhu
ri CW2 iru @ lv lghqwlfdo wr wkdw ri C21
Odvwo|/ uhfdoo wkdw d urexvw uhodwlyh sryhuw| udqnlqj iru fodvv ￿￿
- pd| dovr
eh lqwhusuhwhg dv d urexvw lqhtxdolw| udqnlqj iru wkh fodvv CW￿￿ Uhfdoo wkdw
lw lv qrw srvvleoh wr udqn glvwulexwlrqv urexvwo| dfurvv doo lqhtxdolw| lqglfhv
wkdw duh phpehuv ri C￿￿ Lqwxlwlyho|/ wklv lv ehfdxvh lw lv lpsrvvleoh iru hyhu|
qrupdolvhg txdqwloh wr eh juhdwhu lq rqh glvwulexwlrq wkdq lq dqrwkhu= lw
fdqqrw eh wkdw hyhu|rqh*v vkduh ri wrwdo lqfrph eh juhdwhu lq rqh glvwulexwlrq
wkdq lq dqrwkhu1 Vxfk d udqnlqj pd|/ krzhyhu/ eh srvvleoh iru fodvv CW￿￿ Wr
vhh wklv judsklfdoo|/ uhihu wr Iljxuh < dqg frqvlghu wkh lqfrph glvwulexwlrq
uhsuhvhqwhg e| srlqw @￿ Qr rwkhu glvwulexwlrq lq wkh vlpsoh{ fdq grplqdwh @
ru eh grplqdwhg e| @ iru d C￿ lqhtxdolw| grplqdqfh udqnlqj1 Krzhyhu/ zkdw
ri lqglfhv ehorqjlqj wr fodvv CW￿q Iluvw/ zh nqrz wkdw glvwulexwlrqv zlwklq wkh
grwwhg wuldqjoh grplqdwh glvwulexwlrq @c ehfdxvh xqghu wkhvh glvwulexwlrqv qr
rqh kdv dq lqfrph ehorz ￿n>￿ Zh dovr nqrz wkdw glvwulexwlrqv uhsuhvhqwhg
e| srlqwv rq wkh olqh vhjphqwv KSc esc dqg ￿￿ duh htxlydohqw wr glvwulexwlrq
@ iru wkhvh lqglfhv1 Lqghhg/ srlqwv rq wkh vhjphqw KS duh jhqhudwhg iurp
glvwulexwlrq @ e| uhglvwulexwlqj lqfrph ehwzhhq lqglylgxdov zkrvh lqfrph lv
juhdwhu wkdq ￿n> ehiruh dqg diwhu wkh uhglvwulexwlrq1 Vlqfh lqglfhv ri wkh fodvv
CW￿ duh qrw vhqvlwlyh wr wkhvh wudqvihuv/ wkhvh glvwulexwlrqv duh htxlydohqw wr
@￿
Srlqwv rq wkh vhjphqwv es dqg ￿￿ vlpso| uhsuhvhqw glvwulexwlrqv v|p0
phwulf wr wkrvh rq vhjphqw KS￿ Srlqwv orfdwhg ehwzhhq wkh vhjphqw KS dqg
wkh grwwhg wuldqjoh En￿ grplqdwh glvwulexwlrq @c vlqfh wkh| duh rewdlqhg e|
lqfuhdvlqj wkh lqfrph ri d shuvrq vlwxdwhg ehorz ￿n> zkloh pdlqwdlqlqj wkh
uhpdlqlqj lqfrphv deryh wkdw olqh1 Srlqwv ehwzhhq wkh vhjphqw KS dqg wkh
qruwk0hdvw erughu ri wkh vlpsoh{ E￿￿ duh grplqdwhg e| glvwulexwlrq @c vlqfh
55wkh| duh rewdlqhg e| uhglvwulexwlqj vrph vkduh ri lqfrph iurp wkh shuvrq
ehorz wkh ￿n> olqh wr wkrvh zkrvh lqfrph lv douhdg| deryh ￿n>1S r l q w vr q
wkh vhjphqw S_ +h{foxglqj srlqwv S dqg _￿ fdqqrw eh udqnhg uhodwlyh wr @
lq d urexvw pdqqhu/ vlqfh wkh| lpso| uhglvwulexwlrq ehwzhhq wzr lqglylgxdov
zkrvh lqfrph lv ehorz ￿n>1 Srlqwv vlwxdwhg ehwzhhq wkh vhjphqw Se dqg wkh
grwwhg wuldqjoh Eq￿ grplqdwh wkh glvwulexwlrqv rq wkh vhjphqw Se￿ Krzhyhu/
wkh| fdqqrw eh udqnhg uhodwlyh wr @c vlqfh srlqwv rq wkh vhjphqw Se fdqqrw
eh jlyhq d urexvw udqnlqj uhodwlyh wr @￿ Srlqwv ehwzhhq Se dqg wkh hgjh ri
wkh wuldqjoh S_e duh grplqdwhg e| glvwulexwlrqv rq wkh vhjphqw Se￿ Krzhyhu/
wkh| fdqqrw eh udqnhg zlwk uhvshfw wr @c vlqfh srlqwv rq wkh vhjphqw Se
fdqqrw eh vxemhfw wr d urexvw udqnlqj zlwk uhvshfw wr @￿ Ilqdoo|/ srlqwv rq
wkh vhjphqw S_c h{fhsw wkh srlqw Sc duh grplqdwhg e| @ +dqg S,/ vlqfh wkh|
lpso| d wudqvihu iurp d shuvrq zkrvh lqfrph lv ehorz ￿n> wr d shuvrq zkrvh
lqfrph lv deryh ￿n>c zkloh pdlqwdlqlqj wkh wklug shuvrq*v lqfrph frqvwdqw1
Wkh vhw ri srlqwv ehwzhhq wkh wuldqjoh S_e dqg wkh erughu ri wkh vlpsoh{ fdq
eh uhdfkhg e| wudqvihuulqj iurp d shuvrq zkrvh lqfrph lv ehorz ￿n> wrzdug
dqrwkhu zkrvh lqfrph lv deryh ￿n>￿ Vlqfh hdfk ri wkhvh srlqwv lv grplqdwhg
e| dw ohdvw rqh srlqw rq wkh vhjphqw S_ +ru _e,/ wkh| duh grplqdwhg e| @￿
Wkxv zh qrwh judsklfdoo| wkdw e| olplwlqj rxuvhoyhv wr fhqvruhg lqglfhv ri
lqhtxdolw|/ zh fdq lqfuhdvh vljql￿fdqwo| wkh udqnlqj srzhu ri ruglqdo lqhtxdo0
lw| frpsdulvrqv1 Wklv lv prvw vwulnlqj iru ￿uvw0rughu uhvwulfwhg lqhtxdolw|
grplqdqfh/ e| zklfk wkh vhw ri glvwulexwlrqv orfdwhg lq vhfwlrqv uhsuhvhqwhg
e| wkh uhjlrqv ghqrwhg En￿ ru E￿￿ lq Iljxuh < duh urexvwo| udqnhg zlwk uh0
vshfw wr glvwulexwlrq @c exw iru zklfk d C￿ udqnlqj zrxog qrw kdyh ehhq
srvvleoh iru dq| ri wkh glvwulexwlrqv lq wkh vlpsoh{1
; Frqfoxvlrq
Wklv sdshu h{whqgv vrph ri wkh wkhruhwlfdo olqnv ehwzhhq sryhuw| frpsdulvrqv
dqg frpsdulvrqv ri zhoiduh dqg lqhtxdolw|1 Dvvxpswlrqv ri ydulrxv ghjuhhv ri
frqwlqxlw| ri sryhuw| lqglfhv dw wkh sryhuw| olqh pdnh sryhuw| udqnlqjv jhq0
hudoo| hdvlhu wr rewdlq wkdq zhoiduh ru lqhtxdolw| udqnlqjv vlqfh wklv dyrlgv
wkh qhhg wr fkhfn grplqdqfh fulwhuld dw orzhu rughuv ri grplqdqfh1 Urexvw
udqnlqjv duh dovr qdwxudoo| hdvlhu wr rewdlq iru sryhuw| wkdq zhoiduh zkhq wkh
pd{lpxp sryhuw| olqh lv vhw ehorz wkh pd{lpdo lqfrph ydoxh1 H{whqglqj
iurp wkh wrs lqfrph wr lq￿qlw| wkh xsshu lqfrph erxqg iru grplqdqfh whvw0
lqj lqfuhdvhv wkh udqnlqj srzhu ri vrfldo zhoiduh dqg lqhtxdolw| grplqdqfh
56fulwhuld1 Wklv surfhgxuh dovr kdv wkh yluwxh ri uhprylqj wkh duelwudulqhvv
ri fkrrvlqj d pd{lpxp ydoxh dv wkh xsshu erxqg ri zhoiduh dqg lqhtxdolw|
grplqdqfh whvw udqjhv1
Zkhq wkh pd{lpxp sryhuw| olqh lv vhw htxdo wr wkh xsshu lqfrph erxqg/
devroxwh sryhuw| dqg zhoiduh grplqdqfh fulwhuld ehfrph htxlydohqw iru ￿uvw0
dqg vhfrqg0rughu grplqdqfh1 Zkhq wkh pd{lpxp uhodwlyh sryhuw| olqh h{0
whqgv wr wkh xsshu lqfrph erxqg/ uhodwlyh sryhuw| dqg lqhtxdolw| grplqdqfh
fulwhuld ehfrph htxlydohqw iru wkh ￿uvw wkuhh rughuv ri grplqdqfh1 Li zh
gr qrw uhvwulfw wkh pd{lpxp sryhuw| olqh/ dqg ohw lw whqg wrzdug lq￿qlw|/
wkh deryh fulwhuld ehfrph htxlydohqw iru doo rughuv ri vwrfkdvwlf grplqdqfh1
Iru vrph orzhu rughuv ri grplqdqfh/ wkhvh olqnv ehwzhhq sryhuw|/ zhoiduh
dqg lqhtxdolw| duh dovr ydolg zkhq wkh pd{lpxp sryhuw| olqh idoov ehorz wkh
pd{lpxp lqfrph erxqg/ vr orqj dv vrfldo zhoiduh dqg lqhtxdolw| mxgjhphqwv
duh ￿fhqvruhg￿/ wkdw lv/ vr orqj dv wkh| gr qrw wdnh lqwr dffrxqw wkh sruwlrqv
ri lqfrph wkdw h{fhhg d sduwlfxodu wkuhvkrog1
Wkh sdshu sduwlfxoduo| hpskdvlvhv wkh olqnv ehwzhhq uhodwlyh sryhuw| dqg
lqhtxdolw| dw duelwudu| rughuv ri vwrfkdvwlf grplqdqfh1 Lq sduwlfxodu/ ￿uvw0
rughu uhodwlyh sryhuw| rughulqjv fdq eh xvhixoo| lqwhusuhwhg dv ￿uvw0rughu uh0
vwulfwhg lqhtxdolw| rughulqjv1 Vxfk ￿uvw0rughu lqhtxdolw| rughulqjv duh lq idfw
iuhtxhqwo| irxqg lq wkh hpslulfdo olwhudwxuh rq wkh glvwulexwlrq ri lqfrph1
Wkh wrrov xvhg wr shuirup vxfk rughulqjv lqfoxgh/ lqwhu dold/ sursruwlrqv
ri lqglylgxdov xqghuqhdwk ydulrxv sursruwlrqv ri wkh phdq ru wkh phgldq/
txdqwlohv qrupdolvhg e| wkh phdq/ udwlrv ri txdqwlohv/ dqg phdq0qrupdolvhg
lqwhutxdqwloh glvwdqfhv1 Zh ￿qg wkdw frpsdulvrqv ri qrupdolvhg txdqwlohv
dqg ri sursruwlrqv ri lqglylgxdov xqghuqhdwk sursruwlrqv ri wkh phdq duh
frqvlvwhqw dqg surylgh dssursuldwh ￿uvw0rughu lqhtxdolw| grplqdqfh fulwhuld/
exw wkdw wkh rwkhu wrrov gr qrw/ dqg wkdw wkhlu xvh lv wkhuhiruh lqfrqvlvwhqw
zlwk wkh vhdufk iru lqhtxdolw| grplqdqfh ri dq| rughu1 D jhrphwulf dqdo|vlv
￿qdoo| looxvwudwhv krz fhqvrulqj lqhtxdolw| lqglfhv fdq lqfuhdvh vljql￿fdqwo|
wkh udqnlqj srzhu ri lqhtxdolw| frpsdulvrqv/ dqg krz wklv frpsduhv zlwk
rwkhu zd|v ri h{whqglqj wkh udqnlqj srzhu ri vwrfkdvwlf grplqdqfh fulwhuld1
57Dsshqgl{
Surri ri sursrvlwlrq 41 Lq rughu wr suryh sursrvlwlrq 4/ zh ￿uvw qhhg wr
lqwhjudwh htxdwlrq +4, e| sduwv=
] @
f













Zh nqrz wkdw/ e| gh￿qlwlrq ri wkh grpdlq/ (￿
8 E f ￿’f ￿ Ixuwkhupruh/ dv0
vxpswlrq D4 srvwxodwhv wkdw R￿ E@c5￿’fvlqfh 5 ￿ @￿ Wkh ￿uvw whup rq wkh













































Zh nqrz wkdw/ e| gh￿qlwlrq ri wkh grpdlq/ (￿
8 Ef ￿’f ￿ Ixuwkhupruh/ wkh
dvvxpswlrq lq htxdwlrq +5, srvwxodwhv wkdw R￿ E@c+￿’firu doo + ￿ 5￿ Frq0
vhtxhqwo|/ zh nqrz wkdw
Y￿3￿R￿E@c5￿
Y+￿3￿ ’f ￿ Ilqdoo|/ vlqfh (￿
8 E@￿ 9’ 4c wkh ￿uvw











Htxdwlrq +47, uhvshfwv wkh uhodwlrqvkls lq +6,1 Vlqfh zh kdyh vkrzq wkdw
htxdwlrq +6, lpsolhv htxdwlrq +49,/ zh nqrz wkdw wklv odwwhu htxdwlrq lv wuxh
iru doo ￿ 5i ￿c2c￿￿￿cr ￿ ￿j￿ E| dvvxpswlrq/ wkh ixqfwlrq
Yr3￿R￿E+c5￿
Y+r3￿ lv frq0
wlqxrxv dqg hlwkhu gl￿huhqwldeoh ru slhfhzlvh gl￿huhqwldeoh1 Li wkh ixqfwlrq
58Yr3￿R￿E+c5￿
Y+r3￿ kdv ? srlqwv dw zklfk lw lv qrw gl￿huhqwldeoh/ zh ghqrwh wkhvh srlqwv
+&c&’￿ c2c￿￿￿?1 Lqwhjudwlqj htxdwlrq +49, e| sduwv/ iru ￿ ’ r ￿ ￿c |lhogv=
] @
f


















Zh nqrz wkdw/ e| gh￿qlwlrq ri wkh grpdlq/ (r
8 E f ￿’f ￿ Ixuwkhupruh/ dv0
vxpswlrq D4 srvwxodwhv wkdw R￿ E@c+￿’firu doo + ￿ 5￿ Frqvhtxhqwo|/ zh
nqrz wkdw
Yr3￿R￿E@c5￿





































C E+￿ ￿ (
r
8 E+￿o_+￿ +67,
Wr suryh vx!flhqf| zh rqo| qhhg wr xvh htxdwlrq +67, dqg wkh gh￿qlwlrq ri
wkh vhw ￿r
￿1 Zh fdq wkhq frqfoxgh wkdw/ li zh kdyh (r
8 E+￿￿(r
C E+￿ ￿ fc ;+ ￿
5nc zh pxvw kdyh {￿￿
8CE5￿ ￿ f1 Lq rughu wr hvwdeolvk qhfhvvlw|/ zh xvh d







r3￿ "c li + ￿ +c
E￿￿￿
r3￿ E+ n " ￿ +￿c li +￿+￿ + n "c
fc li + ￿ + n "c
c +68,
zkhuh +￿5 1 Sryhuw| lqglfhv zkrvh ixqfwlrqv R￿ E+c5￿ kdyh wkh deryh0jlyhq
irup iru
Yr3￿R￿E+c5￿






fc li + ￿ +c
E￿￿￿
r c li + ￿ + ￿ + n "c
fc li + ￿ + n "￿
+69,
59Lpdjlqh qrz wkdw (r
8 E+￿ ￿ (r
C E+￿ ￿ f rq dq lqwhuydo d+c+ n "oc zlwk +￿5
dqg " duelwudulo| forvh wr f1I r u R￿ E+c5￿ gh￿qhg dv lq +68,/ {￿ ￿
8CE5￿ lv
wkxv srvlwlyh dqg sryhuw| lqfuhdvhv zlwk d pryhphqw iurp glvwulexwlrq 8
wr glvwulexwlrq C￿ Khqfh lw fdqqrw eh wkdw (r
8 E+￿ ￿ (r
C E+￿ ￿ f iru vrph
+ 5 d+c+ n "o zkhq +￿5 n1 Wklv suryhv wkh qhfhvvlw| ri wkh frqglwlrq1
Surri ri sursrvlwlrq 51 Lq rughu wr suryh wkh vx!flhqf| ri wkh GVSU frq0
glwlrq zh xvh dvvxpswlrq D71 Vlqfh wkh ixqfwlrq R- E+cb>8￿ lv krprjhqhrxv
ri ghjuhh }hur lq + dqg >8c zh nqrz wkdw R- E+cb>8￿’R- Ee +8cb￿ dqg/ e|
h{whqvlrq/ ￿-
8 ’ ￿ -
e 8 1 Vlploduo|/ zh frqfoxgh wkdw ￿-
C ’ ￿-
e C1 Zh nqrz wkdw
>e 8 ’ >e C ’￿dqg wkdw R- Ee +cb￿ ehorqjv wr wkh fodvv ￿r zkhq zh ￿{ b ’ 51
Wkxv/ zh rqo| qhhg wr dsso| wkh GVSD fulwhuld wr frqfoxgh wkdw whvwlqj=
(
r
e 8 Eb￿ ￿ (
r
e C Eb￿ ￿ fc ;b ￿ b
nc +6:,
doorzv xv wr frq￿up wkdw {￿￿
e 8 e C Eb￿ ￿ f1 Dqg/ vlqfh R- E+cb>8￿’R- Ee +8cb￿
dqg R- E+cb>C￿’R- Ee +Ccb￿/ zh fdq ixuwkhu frqfoxgh wkdw {￿-
8CEb￿ ￿ f1
Wr suryh wkh qhfhvvlw| ri wkh frqglwlrq/ zh rqo| qhhg frqvlghu lqglfhv zkrvh













r c li ￿ >￿+￿ ￿> n "c
fc li + ￿ ￿> n "c
+6;,
zkhuh ￿￿b cdqg wkhq surfhhg dv lq sursrvlwlrq 41
Surri ri sursrvlwlrq 61 Lq rughu wr suryh sursrvlwlrq 6/ zh ￿uvw qhhg wr






















































































Htxdwlrq +6<, uhvshfwv wkh uhodvklrqvkls lq +73,1 Vlqfh zh kdyh vkrzq wkdw
htxdwlrq +73, lpsolhv htxdwlrq +75,/ zh nqrz wkdw wklv odwwhu lv wuxh iru doo
￿ 5i 2c￿￿￿cr￿ ￿j1 E| dvvxpswlrq/ wkh ixqfwlrq ￿Er3￿￿ lv frqwlqxrxv dqg hlwkhu
gl￿huhqwldeoh ru slhfhzlvh gl￿huhqwldeoh1 Li wkh ixqfwlrq ￿Er3￿￿ kdv ? srlqwv
dw zklfk lw lv qrw gl￿huhqwldeoh/ zh ghqrwh wkhvh srlqwv +&/ & ’￿ c2c￿￿￿c?1



























Zh nqrz wkdw (
￿
8 Ef￿ ’ (
￿
C Ef￿ ’ f iru doo ￿ dqg wkdw / sxlvtxh (￿
8 E@￿’
(￿
























C E+￿ ￿ (
r
8 E+￿o_+￿
Iru r ’2 / {L8C ￿ f li (r
8 E+￿ ￿ (r
C E+￿ ￿ fc ;+ 5 dfc@o1I r u r ￿ ￿/
{L8C ￿ f li (￿
8 E@￿ ￿ (￿
C E@￿ ￿ fc￿’2wr r ￿ ￿ dqg (r
8 E+￿ ￿ (r
C E+￿ ￿ fc
;+ 5 dfc@o1 Wklv suryhv wkh vx!flhqf| ri frqglwlrq GVX1
Surri ri sursrvlwlrq 71 Lq rughu wr suryh wkh GVL frqglwlrq zh xvh dq
dssurdfk vlplodu wr wkdw lq Dwnlqvrq +4<:3,1 Wr gr wklv zh xvh wkh lvrh0






































Qrz/ zh nqrz wkdw >e 8 ’￿e| gh￿qlwlrq1 Zh wkxv vhh wkdw Ue 8 ’ U8c dqg/
vlploduo|/ Ue C ’ UC1 Krzhyhu/ vlqfh e| gh￿qlwlrq/ >e 8 ’ >e C ’￿ / lw lv vx!flhqw
wr whvw zkhwkhu +ece C ￿ +ece 8 lq rughu wr hvwdeolvk zkhwkhu {U8C ’ UC￿U8 ￿ f1
Jlyhq wkdw ￿E+￿ lv dq lqfuhdvlqj ixqfwlrq/ wklv whvw lv htxlydohqw wr yhuli|lqj
wkdw {Le 8 e C ￿ fc zklfk lv/ lq idfw/ d zhoiduh frpsdulvrq iru wkh wudqviruphg
ixqfwlrqv e 8 dqg e C￿ Zh qrz fdq xvh wkh GVX frqglwlrq wr uhfxshudwh wkh GVL
frqglwlrq1 Lq dgglwlrq/ zh qrwlfh wkdw/ iru r ’￿ c lw lv qr orqjhu qhfhvvdu|
wr whvw iru (2
e 8 Ek￿ ￿ (2
e C Ek￿ ￿ fc vlqfh/ iurp wkh gh￿qlwlrqv ri e 8 dqg e C/z h
kdyh (2
e 8 Ek￿ ￿ (2
e C Ek￿’f 1 Lqwhjudwlrq e| sduwv ri (2













e 8 Ek￿ ￿ >e 8 ￿ k(
￿
e C Ek￿ ￿>e C￿ +7<,
Krzhyhu/ e| gh￿qlwlrq/ zh kdyh (￿
e 8 Ek￿’(￿
e C Ek￿ dqg >e 8 ’ >e C1Z h p d |
wkxv frqfoxgh wkdw (2
e 8 Ek￿ ￿ (2
e C Ek￿’f 1
Surri ri ohppd 81 Li % ￿ @/ (￿
8 E%￿’(￿
8 E@￿’￿ 1 Wkxv/ (2

































































































































































Htxdwlrqv +84, dqg +88, uhvshfw wkh uhodwlrqvkls lq +89,1 Vlqfh zh kdyh vkrzq
wkdw htxdwlrq +89, lpsolhv htxdwlrq +94,/ zh nqrz wkdw wklv odwwhu htxdwlrq
lv wuxh iru doo r ￿ 21
63Surri ri wkhruhp 91 Zh ehjlq e| xvlqj wkh uhvxow iurp ohppd 8 wr uhzulwh
(r
8 E%￿ ￿ (r














8 E%￿ ￿ (r












































Wkxv/ lq jhqhudo/ li {(
￿
8CE@￿’firu doo ￿￿￿dqg {(￿














iru doo r ￿ ￿￿ +98,
Wkhruhp 9 iroorzv gluhfwo| irup wklv uhvxow1
Surri ri sursrvlwlrq ;1 Wklv lv rewdlqhg e| dsso|lqj fruuroru| : wr wkh
GVX frqglwlrq dqg whvwlqj xs wr 4 udwkhu wkdq xs wr @1
Surri ri sursrvlwlrq <1 Wklv lv rewdlqhg e| dsso|lqj fruuroru| : wr wkh
GVL frqglwlrq dqg whvwlqj xs wr 4 udwkhu wkdq xs wr @1
Surri ri sursrvlwlrq 431 Wklv sursrvlwlrq ghulyhv gluhfwo| iurp wkh htxly0
dohqfh ehwzhhq wkh GVSD frqglwlrq dqg wkh GVX* frqglwlrq zkhq wkh pd{0
lpxp sryhuw| olqh 5n $4 1
Surri ri sursrvlwlrq 441 Wklv sursrvlwlrq iroorzv gluhfwo| iurp wkh htxly0
dohqfh ri wkh GVSU frqglwlrq dqg wkh GVL* frqglwlrq zkhq wkh pd{lpxp
uhodwlyh sryhuw| olqh b
n $4 1
64Surri ri sursrvlwlrq 451 Wklv sursrvlwlrq ghulyhv gluhfwo| iurp wkh gh￿0
qlwlrq ri fhqvrulqj lq htxdwlrq +55,1 Il{lqj 5n ’ +n/ zh hdvlo| vhh wkdw wkh
GVSD frqglwlrq lv htxlydohqw wr wkh GVX frqglwlrq1
Surri ri sursrvlwlrq 461 Lq rughu wr suryh wkh GVLW frqglwlrq zh xvh
wkh lvrhodvwlflw| ri wkh ixqfwlrq ￿E+￿1 Jlyhq wkdw ￿E+￿ lv lvrhodvwlf/ jlyhq
wkdw } E+￿ lv krprjhqrxv ri ghjuhh ￿ iru + ￿ ￿n>8 dqg jlyhq wkdw >8 lv dovr











uhsuhvhqwv wkh hodvwlflw| ri wkh ixqfwlrq ￿E+￿1 Zh wkhq kdyh=
] @
f























Q r z /z hn q r zw k d w>e 8 ’￿e| gh￿qlwlrq1 Zh wkxv vhh wkdw Ue 8 ’ U8/ dqg/
vlploduo|/ Ue C ’ UC1 Krzhyhu/ vlqfh e| gh￿qlwlrq/ >e 8 ’ >e C ’￿ / lw lv vx!flhqw
wr whvw zkhwkhu +ece C ￿ +ece 8 lq rughu wr hvwdeolvk zkhwkhu {U8C ’ UC￿U8 ￿ f1
Jlyhq wkdw ￿E+￿ lv dq lqfuhdvlqj ixqfwlrq/ wklv whvw lv htxlydohqw wr yhuli|lqj
wkdw= ] @
f
￿E%￿_ e CE%￿ ￿
] @
f
￿E%￿_ e 8 E%￿ ￿ fc +9<,
zklfk lv/ lq idfw/ d zhoiduh frpsdulvrq ri wkh wudqviruphg ixqfwlrqv e 8 dqg
e C1 Zh fdq qrz uhzulwh wkh deryh h{suhvvlrq dv=
] @
f
￿E%￿_ e CE%￿ ￿
] @
f
￿E%￿_ e 8 E%￿’
] ￿n
f


























f ￿E%￿_ e 8 E%￿ e| sduwv/ |lhogv=
] ￿n
f

















￿E%￿_ e CE%￿ ￿
] @
f













Zh vhh wkdw wklv frqglwlrq lv vlplodu wr GVX iru r ’￿dqg iru @ ’ ￿n +vhh
surri ri sursrvlwlrq 6,1 Iru r ￿ 2/ zh fdq dovr dsso| GVX1
Surri ri sursrvlwlrq 471 Wkh surri ri wklv sursrvlwlrq lv wulyldo1 Lw lv
vlpso| d pdwwhu ri qrwlqj wkdw/ iru r ’￿dqg 2 GVSU lv htxlydohqw wr wkh
GVL- frqglwlrq zkhq zh vhw b
n ’ ￿n1
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Restricted first-order inequality dominance
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